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A B S T R A C T

Fare evasion produces significant revenue losses in public transport systems. Recent research
has found that low service quality and high prices are important determinants of fare evasion.
However, the economic literature that studies the optimal public transport provision has
overlooked the phenomenon. We develop a demand model of horizontal differentiation to
investigate how fare evasion affects the design and pricing of public transport that maximizes
utilitarian social welfare. We show analytically that fare evasion can create incentives to
reduce public transport prices and improve service quality, putting upward pressure on its
subsidization. We perform numerical simulations and sensitivity analysis to quantify the impact
of these incentives on the public transport provision. These simulations confirm that the
incentive to reduce fare evasion can lead to an optimal design and price that requires subsidies.

. Introduction

Fare evasion in public transport is a major concern for governments worldwide because it produces millions of dollars in lost
evenues that risk the systems’ financial health (Bonfanti and Wagenknecht, 2010). For example, 30% of bus users in Santiago,
hile, and Bogota, Colombia, do not pay the fare, producing annual losses estimated at USD 140 million (Porath and Galilea, 2020;
robogotá, 2022). On the other hand, evasion rates are usually below 5% in the developed world. However, some independent
tudies suggest that official reports may be underestimating the problem. For example, recent studies have found double-digit
vasion rates in cities like Cagliari and Reggio Emilia, Italy (Barabino et al., 2022; Bucciol et al., 2013), Melbourne (Currie and
elbosc, 2017), Lyon (Egu and Bonnel, 2020), and Athens (Milioti et al., 2020).

In line with the increasing concern of transport authorities, the number of studies focused on understanding why people evade
ayment has grown exponentially in recent years (see, Barabino et al., 2020, for a recent review). These studies show that fare
vasion depends on factors such as the users’ characteristics and attitudes, the deterrence and enforcement measures implemented
y authorities, and the contractual incentives to public transport operators and drivers (Dai et al., 2018; Clarke et al., 2010; Ramírez
t al., 2022; Delbosc and Currie, 2019; Tamblay et al., 2017). Perhaps more significant for public transport authorities is that low
ervice quality and high prices are essential determinants of fare dodging (Busco et al., 2021; Barabino et al., 2015; Guzman et al.,
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2021; Cools et al., 2018). This occurs for two reasons: First, evaders are usually dissatisfied with the price and overall level of
service (Delbosc and Currie, 2016a,b; González et al., 2019). Second, conditions like crowding at bus stops and vehicles favor
evasion because they increase the anonymity perception and the so-called contagion effect, which makes dodging easier (Cantillo
et al., 2022; Currie and Delbosc, 2017; Salis et al., 2018).2 Consequently, recent studies have recommended increasing the level of
service and the subsidies to reduce the number of evaders in public transport (see, e.g., Porath and Galilea, 2020; Barabino et al.,
2022; Milioti et al., 2020). Nevertheless, the economic efficiency of this proposal and its consequences for operators’ and users’
surplus have not been studied.

The transport economic literature has investigated in detail the welfare-maximizing public transport provision (see Hörcher and
Tirachini, 2021, for a recent review). However, this strand of the literature disregards evasion or considers it an exogenous variable.
On the other hand, the economic literature on fare evasion has focused on inspection and fines, overlooking the effect of quality and
prices on the evading behavior (see, e.g., Barabino and Salis, 2019). This paper aims to fill these gaps by acknowledging that fare
dodging is partially determined by the decisions of transport authorities regarding public transport quality, price, and inspection
rate. Thus, our objective is to investigate the effect of fare evasion on the welfare-maximizing design and pricing of public transport.

We develop a theoretical model where a mass of potential users chooses between paying or evading when using an isolated bus
line provided by a public operator. Individuals base their decision on the service quality, fare, and inspection rate of public transport.
Analytical expressions show that fare evasion creates incentives to reduce public transport fares below the standard marginal-cost
pricing, putting upward pressure on subsidies. Regarding service quality, evasion creates an incentive to improve the frequency if
reducing the inspection rate raises inspection profits, which may occur if the inspection is too costly or if revenues from fines are
negligible.

We illustrate our theoretical model with numerical simulations aiming to reflect a representative public transport system with
a 30% evasion rate. Our results show that the evasion rate in this baseline scenario is ten percentage points above optimal, so the
social planner increases inspection to reduce evasion and raise revenues from fines. Consequently, the cost recovery ratio rises from
60% in the baseline scenario to almost 80% in the optimal solution. Nevertheless, unlike the previous literature, the optimal design
and pricing of public transport considering fare evasion requires subsidies for realistic values of the cost of public funds (Basso and
Silva, 2014; Börjesson et al., 2019; Hörcher et al., 2020). This confirms that the Mohring effect (1972, 1976) and the incentive to
reduce fare evasion can countervail the distortions in the markets where the government collects taxes, showing that the relationship
between fare evasion and the price and quality of public transport strongly affects its optimal provision.

The rest of the paper is structured as follows. Section 2 reviews the related literature. Section 3 presents the model. Section 4
describes and interprets the analytical solution. Section 5 shows a numerical implementation of the model, and Section 6 concludes.

2. Related literature

This section summarizes the three relevant strands of literature to understand our contribution. First, we review the empirical
studies that relate fare evasion with public transport quality and price. Second, we analyze the economic models of fare evasion.
Third, we review the literature on welfare-maximizing public transport design and pricing.

The empirical evidence that relates fare evasion with public transport quality and price comes from studies conducted in Latin
America, Italy, and Australia. These studies find that fare dodging increases with low frequency and reliability (Busco et al., 2021;
Allen et al., 2019; Guarda et al., 2016b), crowding (Cantillo et al., 2022; Guarda et al., 2016a), users’ dissatisfaction (Guzman et al.,
2021; Barabino et al., 2015), and high prices (Cools et al., 2018; Troncoso and de Grange, 2017; Porath and Galilea, 2020). Other
papers seek to understand evasion from the users’ perspective and link these results with the intentionality of evaders in what has
been called the spectrum of fare evasion (Delbosc and Currie, 2019).

Users that deliberately evade payment (i.e., those who perform acts such as jumping ticketing barriers) are usually dissatisfied
with the overall service quality and the price of public transport (Guzman et al., 2021; González et al., 2019; Delbosc and Currie,
2016a; Suquet, 2010; Delbosc and Currie, 2016b). Unintentional and opportunistic evaders are also dissatisfied with the service
quality. However, they only evade under some circumstances: (i) when buses are crowded because it is more difficult to reach the
ticket validation machine, (ii) when it is easier to board by the rear door, where there is less control over who pays, and (iii) when
large groups board at each bus stop because it increases the perception of anonymity and the so-called contagion effect (Guarda
et al., 2016a,b; Porath and Galilea, 2020; Allen et al., 2019; Laboratiorio de Innovacion Pública, 2018; Lee, 2011; Salis et al.,
2018; Currie and Delbosc, 2017; Delbosc and Currie, 2016b). Based on these results, some authors have recommended increasing
the public transport level of service and subsidization to reduce fare evasion in Santiago (Cantillo et al., 2022; Porath and Galilea,
2020; Guarda et al., 2016b), Cagliari (Barabino et al., 2022; Barabino and Salis, 2020), Bogota (Guzman et al., 2021), Athens (Milioti
et al., 2020) and Flanders (Cools et al., 2018). However, the economic benefits and costs of implementing such a strategy have never
been studied.

Another group of studies has proved that ticket inspection is an effective method for reducing fare evasion in public transport
systems (see, e.g., Clarke et al., 2010; Killias et al., 2009; Guarda et al., 2016a). Consequently, most of the previous economic models
focus on the inspection rate that maximizes the operator’s profit by assuming that users make a rational decision between paying the
fare and the perceived probability of being inspected and fined (Boyd, 1989; Kooreman, 1993; Barabino and Salis, 2019; Barabino
et al., 2013, 2014; Sasaki, 2014; Guarda et al., 2016a).

2 The contagion effect is that a user’s exposure to fare evasion increases the probability of evading payment.
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Two papers that depart from these models are Silva and Kahn (1993), and Buehler et al. (2017). The former studied a firm that
rovides public transport. With a homogeneous population, optimal provision leads to zero evasion; however, a positive number
f evaders is optimal when the population is heterogeneous. Buehler et al. (2017) consider a monopoly that chooses the fine and
he price, finding that fare evasion can be seen as a discrimination instrument that allows the firm to charge higher prices for
on-evaders. On the other hand, if the firm maximizes social welfare, the price equals the expected value of the fine (i.e., the
robability of being inspected times the fine).

More recently, Besfamille et al. (2022) studied the problem of a regulated monopoly that faces fare evasion. They focus on
eputational costs rather than fines and allow users to choose between consuming (paying or evading) or leaving the market based
n the good’s quality and price. They find that the optimal price and effort to reduce fare evasion depend on the information
vailable to the regulator and whether the product’s quality is endogenous to the monopoly.

An important limitation of previous fare evasion models is that they do not include particular characteristics of the public
ransport market that are fundamental for the analysis. First, users spend a valuable resource when using public transport: their
ime (Jara-Díaz, 2007; Jara-Díaz and Gschwender, 2005; Small and Verhoef, 2007). Second, public transport usually exhibits
ncreasing returns to scale in the sum of users and operating costs (Allport, 1981; Jara-Díaz et al., 2022; Fielbaum et al., 2020).
hird, public transport usage generates externalities such as crowding and congestion (Yap et al., 2020; Bansal et al., 2019, 2022).
he impact of these characteristics on the welfare-maximizing public transport provision has been broadly studied in the economic

iterature (see, e.g., Hörcher and Tirachini, 2021, for a recent review). In his seminal work, Mohring (1972, 1976) proved that an
ncrease in the demand for public transport reduces the waiting time cost when it is dealt with an increase in frequency (Silva, 2021).
onsequently, the optimal fare does not cover the operating cost and requires subsidies. This so-called Mohring effect, together with
npriced car externalities and distributional considerations, are the main arguments for public transport subsidization (Adler et al.,
021; Adler and van Ommeren, 2016; Börjesson et al., 2020; Matas et al., 2020).

Mohring’s work has been extended in various directions. For example, some recent models have incorporated externalities such
s crowding, congestion, and agglomeration economies (Tirachini et al., 2014; Hörcher et al., 2018; Tirachini and Hensher, 2011;
örcher et al., 2020), while other authors focus on the spatial and temporal dimensions of the public transport provision (Jara-Díaz
t al., 2020; Fielbaum et al., 2021). Other papers study the effects of budget restrictions and the fact that public funds have a
on-negligible cost to society (Sun et al., 2016; Jara-Díaz and Gschwender, 2009; Ramos and Silva, 2022; Jara-Díaz et al., 2022).
urthermore, many studies have investigated the interaction of public transport subsidization with other modes and transport policies
ike car congestion pricing and dedicated bus lanes (Basso and Silva, 2014; Börjesson et al., 2017; Gómez-Lobo et al., 2022; Basso
nd Jara-Díaz, 2012). However, to the best of our knowledge, the public transport economic literature has disregarded fare evasion
r considered it an exogenous variable.

In sum, how fare evasion affects welfare-maximizing public transport design and pricing remains a gap in the literature. First,
ost papers on evasion do not consider essential and unique characteristics of public transport provision. Second, the public transport

conomic literature that focuses on design and pricing has overlooked the fare dodging phenomenon. Thus, our paper contributes to
illing this gap by proposing a tractable model to study the fare evasion problem in the context of optimal public transport provision.

. The model

We consider a bus line that serves a mass of individuals distributed homogeneously along a corridor, as in the seminal works
y Mohring (1972, 1976) and Jansson (1980, 1984). This simple and tractable approach allows us to obtain transparent insights
nto the impact of fare evasion in public transport provision and compare our results with the well-known pricing and quality rules
btained in previous studies. Following fare evasion literature (Buehler et al., 2017; Besfamille et al., 2022; Silva and Kahn, 1993),
e model individual behavior as a discrete choice between (i) traveling by bus and paying the fare (formal users or non-evaders),

ii) traveling by bus evading the payment and assuming the risk of being inspected and fined (informal users or evaders), and (iii)
ot traveling (leave the market).

A public operator provides the bus service while a public agency performs the inspection activities. A social planner defines
he bus line frequency 𝑓 , the fare 𝜏, and the probability 𝜋 of being inspected and fined (i.e., the inspection rate). For the sake of
implicity, we assume that the bus capacity is fixed and sufficiently high for the bus occupancy to be below the maximum possible
evel at an interior solution.

.1. Demand model

Let us consider a benefit function 𝐵(𝑌 𝑝, 𝑌 𝑒), where 𝑌 𝑝 and 𝑌 𝑒 denote the number of formal and informal users. Ignoring income
effects, the benefit function represents the consumers’ benefit as their total willingness to travel for a particular combination
{𝑌 𝑝, 𝑌 𝑒} (see, e..g., Kraus, 2003; Pressman, 1970; Tirachini and Hensher, 2012). Therefore, it is a generalization of the area under the
inverse demand function (Small and Verhoef, 2007, pp. 155–159). Then, the marginal benefit from traveling formally or informally,
which can be interpreted as an inverse demand function, is given by:

𝐵𝑖 =
𝜕𝐵(𝑌 𝑝, 𝑌 𝑒)

𝜕𝑌 𝑖 , 𝑖 ∈ {𝑝, 𝑒}, (1)

here subscripts denote derivatives. Just as with any inverse demand function, 𝐵𝑖 decreases with the number of users of type 𝑌 𝑖.
his means that the marginal valuation of making the trip decreases with both formal and informal demand; that is:

𝐵 =
𝜕2𝐵(𝑌 𝑝, 𝑌 𝑒)

< 0, 𝑖, 𝑗 ∈ {𝑝, 𝑒}. (2)
3
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In equilibrium, the marginal willingness to pay 𝐵𝑝 equals the so-called generalized price, which is the total cost incurred by a
epresentative formal user (see, Small and Verhoef, 2007, pp 83-85). Therefore, the generalized price is computed as the fare 𝜏 plus

the generalized cost 𝐺𝐶(𝑌 , 𝑓 ), a function that values the waiting time, in-vehicle time, and crowding costs in monetary units:3

𝐵𝑝 = 𝜏 + 𝐺𝐶(𝑌 , 𝑓 ). (3)

ollowing the public transport literature, we let 𝐺𝐶(𝑌 , 𝑓 ) be an increasing function of the total demand 𝑌 = 𝑌 𝑝 + 𝑌 𝑒 because it
aises travel times and crowding, and a decreasing function of the frequency because it reduces waiting times (i.e., 𝐺𝐶𝑌 > 0 and
𝐶𝑓 < 0; where, again, subscripts denote first derivatives).4

Similarly, 𝐵𝑒 equals the generalized price perceived by evaders. Of course, evaders do not incur any monetary cost; however,
hey may be inspected and fined with a certain probability, so they make decisions based on an Expected Value of the Fine (EVF),
he generalized cost, and the personal evasion cost 𝐸𝐶(𝑌 , 𝑓 ):

𝐵𝑒 = 𝜋 ⋅ ℎ + 𝐺𝐶(𝑌 , 𝑓 ) + 𝐸𝐶(𝑌 , 𝑓 ). (4)

ssuming risk-neutral users with perfect information about the probability of being inspected, the EVF is computed as the product of
he inspection rate 𝜋 and the value of the fine ℎ. We also assume there is a personal evasion cost 𝐸𝐶(𝑌 , 𝑓 ), which is a function that
aptures how service quality affects evading behavior in monetary units. As explained in Section 2, fare evaders usually excuse their
ehavior on the low service quality of public transport. Furthermore, crowding at bus stops, doors, and inside vehicles increase the
nonymity perception and the so-called contagion effect, which makes dodging payment easier. The personal evasion cost 𝐸𝐶(𝑌 , 𝑓 )
aptures these effects; hence, it increases with frequency and decreases with the number of users (i.e., 𝐸𝐶𝑓 > 0, 𝐸𝐶𝑌 < 0).

This benefit function specification admits typical demand systems such as Random Utility Models (RUM) and Constant
lasticity of Substitution (CES) models (Anderson et al., 1988, 1989). It follows the tradition of modeling horizontal or subjective
ifferentiation in a reduced-form fashion and captures evaders’ heterogeneity or the so-called spectrum of fare evasion.

For example, career evaders rarely pay the fare and take pride in their actions due to social or political considerations (Delbosc
nd Currie, 2016a). They believe that their behavior is acceptable to protest against the government, the public transport system, or
rivate companies (Porath and Galilea, 2020; Busco et al., 2021). This means that they benefit much more from traveling informally
han formally. Therefore, career evaders dodge even if the generalized price perceived when evading is higher than that perceived
hen paying. (i.e., when 𝜏 < 𝜋 ⋅ ℎ + 𝐸𝐶(𝑌 , 𝑓 )). Analogously, the so-called never-evaders strongly believe that not paying the fare

s wrong. They value traveling formally much more than informally, so they never evade payment. Finally, users with a similar
aluation for traveling formally and informally will decide based on the fare, inspection rate, and service quality, which reflects the
ehavior of deliberate and opportunistic fare evaders.5

.2. Social welfare

We assume a public operator that provides the necessary fleet for a given demand and frequency at a cost 𝑂𝐶(𝑌 , 𝑓 ), an increasing
unction of the frequency and the total number of users (i.e., 𝑂𝐶𝑓 > 0, 𝑂𝐶𝑌 > 0). The public operator collects the fare and receives
subsidy from the government if the revenues do not cover the operating cost. We also assume another public agency that performs

he inspection activities at a cost 𝐼𝐶(𝜋), an increasing function of the inspection rate.6
We know that fare evasion also depends on the collection technology. However, it is reasonable to assume that the collection

ethod does not change over time for financial and practical reasons. For example, smart cards are the current fare collection
echnology in Bogota and Santiago. This is unlikely to change shortly because it would imply replacing or removing the ticketing
achines in metro/BRT stations and inside buses and sometimes costly renegotiation of long-term contracts with service providers.
e also acknowledge that other measures, such as off-board ticketing, entrance barriers, and CCTV, can deter evaders. However,
orldwide experience has proven that inspection is the most effective method to control fare dodging (Killias et al., 2009; Clarke
t al., 2010; Guarda et al., 2016a). Therefore, for the sake of simplicity, we follow the fare evasion literature and assume that
nspection is the only anti-evasion policy under the control of transport authorities (see, e.g., Barabino and Salis, 2019).

We compute social welfare as the weighted sum of the consumers’ surplus and the financial results of the public transport operator
𝑝 = 𝜏 ⋅ 𝑌 𝑝 − 𝑂𝐶 and the inspection agency 𝛱𝑒 = 𝜋 ⋅ ℎ ⋅ 𝑌 𝑒 − 𝐼𝐶; that is:

𝑊 = 𝐶𝑆 + [1 + 𝜆][𝛱𝑝 +𝛱𝑒], (5)

3 The generalized cost function also includes the access time; however, since the bus stop locations are fixed in our model, we can normalize access time to
ero.

4 We acknowledge that increasing the frequency may raise the users’ generalized cost under certain conditions; for example, when congestion dominates
aiting time savings. We opt for following the conventional assumption that leads to increasing returns to scale in the user’s costs to be consistent with the
ublic transport literature. However, if increasing the frequency raises the users’ generalized cost, our main results hold, although the Mohring effect may not
e active (see Section 4.4).

5 We acknowledge that our theoretical model does not explicitly consider the so-called accidental evaders. These individuals evade due to circumstances
ifferent from an economic calculation, for example, because they forget their smart card or run out of money unexpectedly. Therefore, their behavior does not
epend on the price, inspection rate, or service quality. However, several studies show that they represent a small portion of fare evaders (see, e.g., González
t al., 2019; Salis et al., 2018), so we can assume the number of accidental evaders is fixed.

6 Early versions of our model considered a more complex representation of the inspection technology where it depends on the occupancy rate and the number
f users. However, these effects do not add value to our main results’ interpretation. Since our paper focuses on the quality and price of public transport, we
pted for this simplified representation of inspection technology.
4
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where the parameter 𝜆 ≥ 0 measures the tax distortion or the so-called shadow cost of public funds. This monetary distortion is due
o the collection of local taxes on income, capital, or consumption (Laffont and Tirole, 1993). Therefore, if the government spends
1 subsidizing the bus service, society pays $[1+𝜆]. Conversely, if the system’s profit increases by $1, the society earns $[1+𝜆]. We

use this straightforward formulation rather than modeling general and labor equilibrium effects because it is simpler and allows for
comparing our results more directly with previous literature that also adopts this approach (see, e.g., Proost and van Dender, 2008;
Basso and Silva, 2014; Börjesson et al., 2019; Hörcher et al., 2020).

The consumers’ surplus is given by the difference between the benefit function and the total cost perceived by formal and informal
users:

𝐶𝑆 = 𝐵(𝑌 𝑝, 𝑌 𝑒) − 𝑌 𝑝[𝜏 + 𝐺𝐶(𝑌 , 𝑓 )] − 𝑌 𝑒[𝜋 ⋅ ℎ + 𝐺𝐶(𝑌 , 𝑓 ) + 𝐸𝐶(𝑌 , 𝑓 )]. (6)

Then, replacing Eq. (6) in Eq. (5), we can rewrite the social welfare function as:

𝑊 = 𝐵(𝑌 𝑝, 𝑌 𝑒) + 𝜆
[

𝜏 ⋅ 𝑌 𝑝 + 𝜋 ⋅ ℎ ⋅ 𝑌 𝑒] − 𝑌 ⋅ 𝐺𝐶(𝑌 , 𝑓 ) − 𝑌 𝑒 ⋅ 𝐸𝐶(𝑌 , 𝑓 ) − [1 + 𝜆] [𝑂𝐶(𝑌 , 𝑓 ) + 𝐼𝐶(𝜋)] . (7)

he first term of Eq. (7) is the total benefit or the gross consumer surplus obtained by a given combination of formal and informal
emand. The second term accounts for the social benefits from revenues. It has a positive effect on social welfare because the rent
xtracted from users reduces the need for distortionary taxes on other markets. Note, however, that if public funds are not costly
i.e., 𝜆 = 0), revenues from fares and fines are just transfers between the users and the government that do not affect social welfare.
he third term is the total generalized cost perceived by users, while the fourth accounts for the total evasion cost perceived by

nformal users. Finally, the last term discounts the cost for society of public transport operation and inspection activities.
Replacing equilibrium conditions Eqs. (3) and (4), in the social welfare function Eq. (7), we can write the planner’s welfare

aximization problem as:7

Max
𝑌 𝑝 ,𝑌 𝑒 ,𝑓

𝐵(𝑌 𝑝, 𝑌 𝑒)+𝜆

[

∑

𝑖∈{𝑝,𝑒}
𝑌 𝑖 ⋅ 𝐵𝑖

]

−[1+𝜆]

[

𝑌 ⋅𝐺𝐶(𝑌 , 𝑓 )+𝑌 𝑒 ⋅𝐸𝐶(𝑌 , 𝑓 )+𝑂𝐶(𝑌 , 𝑓 )+𝐼𝐶
(

𝐵𝑒 − 𝐺𝐶(𝑌 , 𝑓 ) − 𝐸𝐶(𝑌 , 𝑓 )
ℎ

)

]

. (8)

From now on, we assume that the fine is an exogenous parameter instead of considering it a decision variable. We make this
assumption because the objective function in Eq. (8) is strictly increasing with ℎ; therefore, if we consider the fine as an endogenous
variable, the optimal fine always equals its maximum possible value given by law (see Appendix A for the proof and Buehler et al.,
2017). This occurs for two reasons: First, there is a direct effect on social welfare since increasing the fine raises the revenues from
inspection, which in turn, reduces the need for distortionary taxes. However, note that this effect is only active when 𝜆 > 0, as seen
in the second term Eq. of (7).

Second, since we assume risk-neutral users, the EVF increases with the value of the fine (see equilibrium condition Eq. (4)).
Consequently, the planner can implement a given value of 𝑌 𝑒 by increasing the fine and reducing the inspection rate as long as the
product 𝜋 ⋅ ℎ remains constant. Therefore, the social planner will increase the fine until it reaches its maximum admissible value
to save money on inspection. This effect is captured by the term 𝐼𝐶(⋅) in Eq. (8) and is active whether public funds are costly or
not.

Thus, ℎ can be interpreted as the optimal fine, which is the maximum value given by law. Furthermore, since ℎ is an exogenous
parameter, we can normalize its value to one; therefore, from now on, the Expected Value of the Fine is given by 𝜋. This
normalization does not affect our results because it just scales all the prices by the factor 1∕ℎ. Moreover, if the fine is not normalized,
it appears as a parameter that does not change the interpretation of the optimal pricing and frequency rules, as can be seen in
Appendix A.

Finally, note that the welfare function defined in Eq. (7) includes the evaders’ surplus, which may raise ethical questions since
fare dodging is considered antisocial or illegal. However, this so-called utilitarian approach is standard in the literature on fare
evasion (Buehler et al., 2017; Silva and Kahn, 1993; Besfamille et al., 2022), and other illicit activities, such as tax evasion (Pestieau
and Possen, 1991; Trandel, 1992; Goerke, 2017) and software piracy (Banerjee, 2003; Waters, 2015; Bae and Choi, 2006; Yoon,
2002). We also follow the utilitarian approach to be consistent with previous works. Nevertheless, rather than commit to this
position, we aim to investigate its consequences for the optimal design and pricing of public transport (see Sandmo, 1981, for
a brief discussion).

4. Analytical solution

This section describes and interprets the first-order conditions of the planner’s maximization problem to understand how fare
evasion distorts the standard public transport optimal provision. We assume that social welfare is strictly concave, so the first-order
conditions characterize a unique interior solution for the optimal fare, inspection rate, and frequency. First, we analyze the welfare-
maximizing fare and inspection rate when public funds are not costly, which is the most common assumption in the public transport
literature. Second, we study how the cost of public funds impacts the optimal pricing and inspection rules. Third, we interpret the
optimal frequency rule, and finally, we analyze how fare evasion affects optimal public transport subsidization.

7 Note that the last term of Eq. (8) is the sum of users, operating, and inspection costs, or equivalently, the Value of Resources Consumed (VRC). Therefore,
f we consider quantities 𝑌 𝑖 as parameters, the optimal frequency can be obtained by minimizing VRC, which is the standard approach in the public transport
5

iterature (Jara-Díaz and Gschwender, 2003).
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4.1. Optimal price and inspection rate without tax distortions

The welfare-maximizing fare when public funds are not costly or when the pricing of public transport does not need to be
djusted for other tax distortions (i.e., 𝜆 = 0), is given by:

𝜏∗ =
[

𝑂𝐶𝑌 + 𝑌 𝑝 ⋅ 𝐺𝐶𝑌
]

+ 𝑌 𝑒[𝐺𝐶𝑌 + 𝐸𝐶𝑌 ] + 𝐼𝐶𝑝. (9)

where 𝐼𝐶𝑝 is the inspection cost savings due to a marginal increase in formal demand; that is:

𝐼𝐶𝑝 = 𝐼𝐶𝜋
[

𝐵𝑒𝑝 − 𝐺𝐶𝑌 − 𝐸𝐶𝑌
]

≤ 0. (10)

Note that Eq. (9) is not a closed-form expression because the right-hand side depends on the demand and frequency. However,
e can interpret the components of 𝜏∗ conditional on these variables.

The first term in square brackets is the sum of the marginal operating cost and the marginal external cost imposed on formal
sers. It is the welfare-maximizing public transport fare in a world without evasion; therefore, the sign of the remaining terms of
q. (9) will indicate how fare evasion distorts the standard marginal-cost pricing rule.

The second term on the right-hand side of Eq. (9) is the marginal external cost that one additional user imposes on evaders.
t has two components: the increase in the generalized cost due to the rise in crowding and travel times, and the reduction in the
ersonal evasion cost because crowding at stops and buses raises the anonymity perception and makes evading easier. The empirical
vidence suggests that this term is negative because increasing the total demand increases fare evasion (Salis et al., 2018; Currie
nd Delbosc, 2017; Porath and Galilea, 2020; Guarda et al., 2016b). For example, in Santiago, a 1.0% increase in boardings and bus
ccupancy raises the number of evaders by 1.1% and 0.8%, respectively (Guarda et al., 2016a). This indicates that one additional
ser reduces the cost perceived by evaders. Hence, the social planner discounts this effect to the optimal fare.

Finally, the third term is the inspection cost savings due to a marginal increase in formal demand. Under the standard assumption
hat the informal demand increases with public transport prices (i.e., 𝐵𝑒𝑝 − 𝐺𝐶𝑌 − 𝐸𝐶𝑌 < 0), the government saves money on
nspection by reducing the fare. Therefore, these savings are discounted from the public transport optimal price. Note that the
nspection savings increase with the marginal inspection cost; hence, the more costly the inspection is, the lower the optimal fare.
oreover, the greater the degree of substitution between paying and evading, the more significant the inspection savings are when

he price is reduced. Thus, 𝜏∗ decreases with the substitutability between formal and informal demand.
Then, we can summarize the effect of fare evasion on the public transport optimal price when public funds are not costly, as

ollows: If the informal demand for public transport increases with its price and total number of users, fare evasion distorts the optimal
ublic transport pricing downwards.

This suggests that authorities may have strong incentives to reduce public transport fares below the standard marginal-cost
ricing rule; and, therefore, increase public transport subsidization. Note, however, that if the fare of a public transport system is
way from the first-best value due to financial or political constraints, the optimal response could be to reduce subsidization. This
eans that the intuition above holds when the optimal fare is compared to the marginal-cost pricing. We come back to this issue

n the numerical analysis of Section 5.
Eq. (9) also reveals that the welfare-maximizing inspection rate 𝜋∗ plays a vital role in the design and pricing of public transport.

ecalling that the Expected Value of the Fine (EVF) equals 𝜋, we compute 𝜋∗ from the first-order conditions as:

𝜋∗ = 𝜏∗ − 𝐼𝐶𝜋

[

1 −
𝐵𝑒𝑝

𝐵𝑒𝑒

]

[

−𝐵𝑒𝑒
]

. (11)

he relevant difference between 𝜏∗ and 𝜋∗ is their impact on the inspection costs: reducing 𝜋 impacts the inspection costs directly, an
ffect captured by 𝐵𝑒𝑒. On the other hand, the effect of reducing 𝜏 depends on the degree of substitution between paying and evading,
hich is captured by 𝐵𝑒𝑝. To illustrate this, let us analyze some particular cases.8 If paying and evading are perfect substitutes,
𝑒𝑒 = 𝐵𝑒𝑝 = 𝑑′, and 𝜏∗ = 𝜋∗ (where 𝑑′ is the derivative of the inverse demand function for the total demand). This occurs because

educing the fare has the same effect on the inspection costs as increasing the inspection rate. Furthermore, note from Eqs (9) and
11) that a perfectly inelastic total demand (i.e., 𝑑′ ←←→ −∞) leads to the corner solution 𝜏∗ = 𝜋∗ = 0 because, in this case, the optimal
rice is the one that minimizes the inspection costs. If paying and evading are imperfect substitutes 𝐵𝑒𝑝∕𝐵𝑒𝑒 < 1; thus, 𝜏∗ > 𝜋∗.
oreover, the lower the degree of substitution between paying and evading, the higher the difference between 𝜏∗ and 𝜋∗, reaching

ts maximum value when paying and evading are independent (i.e., 𝐵𝑒𝑝 = 0).
Two interesting properties of the optimal pricing and inspection rules deserve some discussion. First, the positive externality

𝑒 ⋅ 𝐸𝐶𝑌 is discounted from the optimal fare and inspection rate. In other words, optimal pricing accounts for an externality that
akes evasion easier. Second, if the marginal inspection cost is zero (i.e., 𝐼𝐶𝜋 = 0), the optimal EVF equals the optimal fare. Thus,

ven if the inspection is costless, the optimal level of evasion is positive.
Policymakers may question these results because they suggest that some level of fare evasion is socially acceptable. One may

rgue that, due to its unethical nature, the optimal level of evasion must be zero. However, the positive evasion rate arises naturally
rom our utilitarian social welfare function and is in line with previous works on tax and fare evasion and software piracy (see,
.g., Waters, 2015; Pestieau and Possen, 1991; Silva and Kahn, 1993). The intuition is: if all users pay the fare, those who intend to
vade payment would be worse off or would not use the bus. Thus, from a utilitarian perspective, not having evaders may decrease
ocial welfare, so the social planner allows those with a greater valuation for traveling informally to dodge payment. We will return
o this issue in the concluding section.

8 See Small and Verhoef (2007), pp 157 and 233; for a detailed explanation.
6
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4.2. Optimal price and inspection rate with costly public funds

The results in the previous section rely on the assumption that public funds do not have any cost to society. However, public
unds have a non-negligible cost due to the distortion in the markets where the government collects taxes. Thus, this section analyzes
ow the shadow cost of public funds impacts the welfare-maximizing pricing rule.

The optimal fare and inspection rate when public funds are costly (i.e., 𝜆 > 0), denoted by (∼), are given by the following Ramsey
formula for interdependent demand:

𝜉𝑝

[

𝜏 − 𝜏∗

𝜏

]

= 𝜉𝑒

[

𝜋̃ − 𝜋∗

𝜋̃

]

= 𝜆
1 + 𝜆

. (12)

Where 𝜏∗ and 𝜋∗ are given by Eqs (9) and (11) but evaluated at the optimal demand and frequency, while 𝜉𝑝 and 𝜉𝑒 are the formal
nd informal demand superelasticities.9

Note that this result is similar to the one obtained by Hörcher et al. (2020) when studying the effect of agglomeration economies
n the public transport provision with a substitute mode. The key difference is that instead of two modes, we have two different
ypes of consumption: formal and informal. However, the interpretation is similar: the optimal price and inspection rate are set
bove 𝜏∗ and 𝜋∗ because revenues reduce the need for costly taxes. Moreover, the pricing and inspection rules increase with 𝜆 and
epend on both the direct and cross elasticities because increasing the public transport price increases the operator’s revenues but
lso raises revenues from fines, an effect captured by the demand superelasticity.

Eq. (12) shows a trade-off between the benefit of reducing the public transport price, captured by 𝜏∗, and the cost to society
n terms of distortionary taxes. Therefore, the value of the optimal fare depends on which of these two effects dominates. We can
nderstand this trade-off by analyzing the particular cases when paying and evading are perfect substitutes, which results in the
ollowing pricing rule:

𝜏 = 𝜋̃ = 𝜏∗ + 𝜆
1 + 𝜆

[

−𝑑′ ⋅ 𝑌
]

. (13)

here the last term on the right-hand side of Eq. (13) is the additional charge due to the shadow cost of public funds. Note from
qs. (9) and (13) that an increase in the slope of the total demand has two opposite effects: On the one hand, it reduces 𝜏∗ because
t raises the inspection cost savings, but on the other, it increases the charge due to costly public funds. Furthermore, when the total
emand is perfectly inelastic, we get 𝜏 = 𝜋̃ = 0 if the former effect dominates and 𝜏 = 𝜋̃ = 1 (i.e., the maximum EVF) if the cost
f public funds does it. This illustrates that, under certain conditions, fare evasion can create a strong incentive to reduce public
ransport prices that may overcome the cost of public funds. However, when the cost of public funds dominates, the optimal fare is
et above the standard marginal-cost pricing rule to reduce the need for costly taxes.

.3. Optimal frequency

From the first-order conditions, we get the optimal frequency rule given by Eq. (14), where 𝑌 𝑖 denotes the optimal number of
ormal or informal users:

𝑂𝐶𝑓 = −𝑌 𝑃 ⋅ 𝐺𝐶𝑓 +𝛱𝑒
𝑓 . (14)

he social planner increases the frequency until the rise in the operating costs equals the reduction in the formal users’ cost plus
he change in the profit of the inspection agency, which is given by:

𝛱𝑒
𝑓 = −[𝑌 𝑒 − 𝐼𝐶𝜋 ][𝐺𝐶𝑓 + 𝐸𝐶𝑓 ]. (15)

Where the term in the first square brackets of Eq. (15) is the difference between the marginal revenues from fines 𝑌 𝑒 (recalling that
the fine equals one), and the marginal inspection cost 𝐼𝐶𝜋 ; while the term in the second square brackets is the change in the costs
perceived by evaders due to a marginal increase in the frequency.

Note that optimal frequency is obtained holding 𝑌 𝑖 constant. This is correct because the optimal pricing and inspection rules,
given by Eq. (12), ensure that any marginal benefits or costs of increasing the frequency via changes in the number of users have
zero effect on social welfare (Small and Verhoef, 2007, p. 164). In other words, the social planner captures any variation in the
operating and users’ costs due to a demand change through the optimal fare and inspection rate. This has two consequences: first,
the shadow cost of public funds affects the optimal frequency rule via changes in the optimal price and inspection rate (Hörcher
et al., 2020; Zhang et al., 2020; Sun et al., 2016); second, the effect of fare evasion on the optimal frequency is captured by 𝛱𝑒

𝑓 .

9 The demand superelasticity, first derived by Boiteux (1956), is usually defined in terms of the direct and cross demand elasticities as:

𝜉𝑖 =
𝜂𝑖𝑖𝜂𝑗𝑗 − 𝜂𝑖𝑗𝜂𝑗𝑖

𝜂𝑗𝑖 − 𝜂𝑗𝑗
> 0,

here 𝜂𝑖𝑖 =
𝜕𝑌 𝑖

𝜕𝑝𝑖
𝑝𝑖

𝑌 𝑖 and 𝜂𝑖𝑗 =
𝜕𝑌 𝑖

𝜕𝑝𝑗
𝑝𝑗

𝑌 𝑖 (Laffont and Tirole, 1993). In Appendix B, we show that the demand superelasticity can be expressed in terms of the benefit
function as

𝜉𝑖 =
𝑝𝑖

−𝐵𝑖𝑖 ⋅ 𝑌 𝑖 − 𝐵𝑗𝑖 ⋅ 𝑌 𝑗 > 0, 𝑖 ≠ 𝑗.
7
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To illustrate the latter, let us assume for a moment that the cost perceived by evaders does not change with quality (i.e., 𝐺𝐶𝑓 +
𝐶𝑓 = 0); therefore, increasing the frequency does not change the inspection profit (i.e., 𝛱𝑒

𝑓 = 0). In this case, Eq. (14) becomes
he standard frequency rule 𝑂𝐶𝑓 = −𝑌 𝑝 ⋅ 𝐺𝐶𝑓 . Hence, 𝛱𝑒

𝑓 captures the distortion in the optimal frequency rule that emerges as a
onsequence of fare evasion. If it is positive, fare evasion sums an additional benefit to the usual public transport frequency rule
hat induces higher service quality; if it is negative, fare evasion has the opposite effect.

The fare evasion literature suggests that improving the frequency increases the evader’s cost and, therefore, reduces fare
vasion (Busco et al., 2021; Barabino et al., 2015; Guzman et al., 2021; Guarda et al., 2016a,b). In this case, 𝛱𝑒

𝑓 is positive if
educing the inspection rate increases the inspection profit. Thus, we can summarize the impact of fare evasion in the optimal
requency as follows: If improving the frequency of public transport reduces informal demand, fare evasion increases the optimal public
ransport frequency as long as the marginal inspection cost exceeds the marginal revenue of fines.

The intuition behind this result is the following: if increasing the frequency makes evasion less attractive, the social planner
aptures this effect through a reduction in the inspection rate, which in turn, increases social welfare if the fall in the inspection
ost 𝐼𝐶𝜋 is larger than the fall in revenues from fines, 𝑌 𝑒. In other words, if fare evaders are worse off when the frequency increases,
he social planner uses service quality to control fare evasion and save money on inspection. This suggests that transport authorities
ay have strong incentives to improve service quality when the inspection is too costly or ineffective or when revenues from fines

re negligible.10

.4. Revisiting the Mohring effect and public transport subsidies

An important result in the public transport literature is the so-called Mohring effect (1972, 1976). It states that, under certain
echnical conditions, the sum of operating and users’ costs grows less than proportional with demand, leading to an optimal fare that
oes not cover operating costs and requires subsidies (Silva, 2021). The source of the Mohring effect is that the optimal frequency
ncreases with demand; however, since previous studies do not consider fare evasion, it is relevant to analyze if this result holds in
ur model. To do this, let us treat quantities 𝑌 𝑝 and 𝑌 𝑒 as parameters. Then, totally differentiating the optimal frequency rule, we
et:

𝑑𝑓
𝑑𝑌 𝑝 = −

𝑊𝑓𝑝

𝑊𝑓𝑓
= −

𝛱𝑒
𝑓𝑝 −

[

𝐺𝐶𝑓 + 𝑌 𝑝 ⋅ 𝐺𝐶𝑓𝑌 + 𝑂𝐶𝑓𝑌
]

𝛱𝑒
𝑓𝑓 −

[

𝑌 𝑝 ⋅ 𝐺𝐶𝑓𝑓 + 𝑂𝐶𝑓𝑓
] . (16)

The denominator on the right-hand side of Eq. (16) is negative to satisfy the second-order conditions. Therefore, the sign of 𝑑𝑓∕𝑑𝑌 𝑝

is given by the sign of the welfare’s cross-derivative 𝑊𝑓𝑝, which is positive if the following condition holds:

𝛱𝑒
𝑓𝑝 > 𝐺𝐶𝑓 + 𝑌 𝑝𝐺𝐶𝑓𝑌 + 𝑂𝐶𝑓𝑌 . (17)

hus, whether the Mohring effect is active or not depends on the functional forms of the cost functions, specifically, on the second
erivatives of generalized, evasion, inspection, and operating costs.11

Now, let us replace the optimal price in the financial result of the public transport operator to get the optimal subsidy per formal
ser:

𝑆 = 𝑂𝐶∕𝑌 𝑝 − [𝑂𝐶𝑌 + 𝑌 𝑝 ⋅ 𝐺𝐶𝑌 ]
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Mohring Effect (+)

+{−𝐼𝐶𝑝 − 𝑌 𝑒[𝐺𝐶𝑌 + 𝐸𝐶𝑌 ]}
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Fare evasion (+)

+ 𝜆
1 + 𝜆

[

𝐵𝑝𝑝 ⋅ 𝑌
𝑝 + 𝐵𝑒𝑝 ⋅ 𝑌

𝑒]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Cost of public funds (-)

. (18)

he first component of the optimal subsidy is the difference between the average and marginal costs. It is the optimal subsidy when
are evasion and costly public funds are not considered in the analysis (Jara-Díaz and Gschwender, 2005); thus, it is positive if the
ohring effect is active. The second component is the marginal benefit of reducing the fare due to evasion, which is positive and

as two terms: the inspection cost savings and the fall in the evaders’ total costs. Finally, the third component is negative since it
s the cost of subsidizing public transport in terms of distortionary taxes. When 𝜆 = 0, this distortion equals zero because subsidies
re just transfers between the government and the operator; however, if 𝜆 > 0, it reduces the optimal subsidy.

Then, we have two forces that put upward pressure on public transport subsidization: the Mohring effect and the benefits of
educing fare evasion. On the other hand, the cost of public funds pushes in the opposite direction. Therefore, the subsidy amount,
f needed, will depend on which of these effects dominates.

10 If we assume that 𝜋 is the disutility of an anti-evasion activity that does not generate revenues (e.g., awareness campaigns or deterrence measures), the
arginal profit is given by 𝛱𝑒

𝑓 = 𝐼𝐶𝜋 [𝐺𝐶𝑓 +𝐸𝐶𝑓 ] > 0. Therefore, in this case, the social planner has incentives to improve service quality as long as it reduces
are evasion.
11 In a world without evasion, the optimal frequency increases with demand if the right-hand side of condition (17) is negative (Hörcher and Tirachini, 2021;
ómez-Lobo, 2014). Of course, this depends on the functional forms of the operating and generalized costs. For example, the optimal frequency follows the
ell-known square root formula when the generalized cost is linear in the number of users and the headway, and the operating cost is linear in the frequency

i.e., 𝐺𝐶 < 0, 𝐺𝐶 < 0 and 𝑂𝐶 = 0).
8
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Fig. 1. Commuters’ Choice Tree.

. Numerical analysis

In the previous section, we found analytical expressions that characterize public transport’s optimal price, inspection rate, and
requency. However, since we do not define functional forms for the demand and cost functions, we cannot find closed-form formulas
or the decision variables to quantify how fare evasion impacts the optimal public transport provision. Thus, in this section, we
erform numerical simulations aiming to reflect a representative bus system with a high evasion rate. To do this, we introduce two
hanges to our theoretical model. First, we represent the individual’s choice using a Nested-Logit (NL), a Random Utility Model
RUM) typically used in the transport literature (Ortúzar and Willumsen, 2011; Train, 2009). Second, we consider endogenous bus
apacity 𝐾 and a bus occupancy restriction. Appendices C and D prove that our main analytical results hold with these changes.

The NL has a simple functional form that allows different substitution patterns by grouping correlated or similar alternatives into
ests. It also has an analytical expression for the consumers’ surplus, making it useful in the welfare analysis of public transport (see,
.g., Hörcher and Graham, 2020; Basso and Silva, 2014). For simplicity, we assume a representative commuter with the decision
rocess presented in Fig. 1: first, the commuter chooses whether to use the bus or not, and then, those who choose the bus decide
etween paying or evading the fare.

In line with our theoretical model, the utility functions of paying and evading are given by:

𝑉 𝑝 = 𝜃𝑝 − 𝜏 − 𝐺𝐶, (19)

𝑉 𝑒 = 𝜃𝑒 − 𝜋 ⋅ ℎ − 𝐺𝐶 − 𝐸𝐶, (20)

where the alternative specific constants 𝜃𝑝 and 𝜃𝑒 represent the valuation of traveling formally and informally, and ℎ is the value
of the fine. Then, normalizing the utility of not using the bus to zero, the probability that the representative commuter chooses
alternative 𝑖 ∈ {𝑝, 𝑒} is given by:

𝛷𝑖 =
exp

(

𝑉 𝑖

𝜂

)

∑

𝑗∈{𝑝,𝑒} exp
(

𝑉 𝑗

𝜂

) ⋅

exp 𝜂⋅ln
(

∑

𝑗∈{𝑝,𝑒} exp
(

𝑉 𝑗

𝜂

))

exp 𝜂⋅ln
(

∑

𝑗∈{𝑝,𝑒} exp
(

𝑉 𝑗

𝜂

))

+ 1
, (21)

here the parameter 𝜂 ∈ (0, 1] is a measure of the degree of substitution between formal and informal demand (i.e., the smaller 𝜂
s, the greater the degree of substitution).

Assuming that the users’ expenditure on transport is sufficiently small for the income effect to be negligible, the consumers’
urplus can be computed using the well-known log sum formula (Small and Rosen, 1981; Anderson and de Palma, 1992; Batley and
ekker, 2019):

𝐶𝑆 = 𝑁 ⋅ ln

(

exp 𝜂⋅ln
∑

𝑗∈{𝑝,𝑒}
exp

(

𝑉 𝑗

𝜂

)

+ 1

)

. (22)

Following an extension of Jansson’s model (1980, 1984) proposed by Jara-Díaz and Gschwender (2003), we consider a bus line
f 𝐿 kilometers and a cycle time equal to:

𝑡𝑐 = 𝑇 + 𝑡 𝑌
𝑓
, (23)

where 𝑇 is the in-vehicle time, and 𝑡 is the average boarding and alighting time per user. The commuters travel a distance 𝑙. Thus,
he generalized cost is given by:

𝐺𝐶 = 𝛼𝑤
𝛿 + 𝛼𝑣

𝑙
[

𝑇 + 𝑡 𝑌
]

. (24)
9
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The first term is the waiting time cost, computed as a fraction of the headway multiplied by the value of waiting time savings 𝛼𝑤.
The second term is the in-vehicle time cost, and it is computed as the time that users travel on-board the bus multiplied by the
value of in-vehicle time savings 𝛼𝑣, which is a linear function of the bus occupancy 𝜙:

𝛼𝑣 = 𝛼0 + 𝛼1𝜙, (25)

where:

𝜙 = 𝑌 𝑙
𝑓𝐾𝐿

≤ 1, (26)

Finally, Jara-Díaz and Gschwender (2003) compute the operating costs as the product of the fleet size and the cost per bus:

𝑂𝐶 = 𝛾 ⋅ [𝑐0 + 𝑐1𝐾][𝑓𝑇 + 𝑡𝑌 ], (27)

here 𝛾 is an operating cost multiplier used for sensitivity analysis.
We assume a personal evasion cost with constant elasticity with respect to boardings and bus occupancy:

𝐸𝐶 = 𝛽0 ⋅ 𝑏
𝛽1 ⋅ 𝜙𝛽2 , (28)

here 𝛽0, 𝛽1, and 𝛽2 are parameters calibrated to represent the commuters’ evading behavior and 𝑏 is the number of users boarding
t each bus stop, which are separated by a distance 𝑠:

𝑏 = 𝑌 𝑠
𝑓𝐿

. (29)

Finally, the inspection cost is given by a linear function of the number of inspections per hour:

𝐼𝐶 = 𝜔 ⋅ [𝜋 ⋅ 𝑌 ], (30)

where 𝜔 is the marginal inspection cost and 𝜋 ⋅ 𝑌 is the number of inspections per hour.
The parameters used in the simulations are presented in Table 1. The cycle time, generalized cost, and inspection parameters

are adapted from previous literature (Fielbaum et al., 2020; Jara-Díaz and Gschwender, 2003; Manríquez, 2019; Jara-Díaz and
Gschwender, 2009). The remaining parameters are calibrated to comply with the baseline scenario described in Table 2, which
aims to reflect a representative bus system with a high evasion rate.12

Fig. 2 summarizes the results of the numerical simulations. The upper panel illustrates the optimal frequency and the cost
ecovery ratio (i.e., the percentage of the operating costs covered by the fare), while the lower panel shows the resulting market
hare and evasion rate of the bus system. The baseline scenario is marked by point B and the optimal solution for the parameters
resented in Table 1 is marked by Point O. The color lines show the sensitivity with respect to: (i) the operating cost multiplier 𝛾,

(ii) the Shadow Cost of Public Funds (SCPF) 𝜆, (iii) the marginal inspection cost 𝜔, and (iv) the evasion cost elasticity with respect
to boardings 𝛽1.

First, let us compare the baseline scenario with the optimal solution. Note that the market share in the optimal solution is only
two percentage points lower than in the baseline scenario; however, the evasion rate falls from 30% to less than 20%. This means
that the total number of users in the baseline scenario is close to optimal; however, the proportion of these trips that do not pay
the fare is ten percentage points above the welfare-maximizing level. Thus, the optimal inspection rate is five times higher than in
the baseline scenario. The main consequence of this reduction in the evasion rate is that revenues from fares increase by 20%, so
the cost recovery ratio rises from 60% in the baseline scenario to 75% in the optimal solution. This means that the public transport
subsidization in the baseline scenario is above the optimal level due to the revenue losses from fare evasion. Finally, note that
reducing fare evasion allows the social planner to increase the frequency by 15%, improving the service quality perceived by all
users.

Unlike previous literature that considers the cost of public funds (see, e.g., Börjesson et al., 2019; Basso and Silva, 2014; Proost
and van Dender, 2008; Hörcher et al., 2020), the optimal fare does not cover the operating cost in all our simulations. This occurs
for two reasons: first, straightforward computations show that the Mohring effect is active, and second, increasing subsidies reduces
inspection and evaders’ costs. As shown in Eq. (18), these two forces create an incentive to raise the operational subsidy that, in
our simulations, dominates the cost of public funds. On the other hand, the marginal inspection profit decreases with frequency. As
explained in Eq. (14), this creates an incentive to reduce the frequency; however, the effect of this incentive is relatively small and
does not significantly reduce the optimal service quality.

As expected, the optimal frequency and market share decrease with the operating cost multiplier 𝛾 ∈ [0.5, 1.5]. However, the
effect of 𝛾 on the cost recovery ratio is less significant because both the fare and the operating cost grow proportionally with 𝛾
due to the linear nature of the operating costs function. Nevertheless, there is an indirect effect due to the Mohring effect and the
incentive to reduce fare evasion that explains the 13 percentage points fall in the cost recovery ratio observed in the sensitivity
analysis. Interestingly, the optimal evasion rate remains almost unchanged in the range of 𝛾. This happens because, as shown in

12 The parameters presented in Table 1 are a unique solution to the calibration problem for a reasonable domain of the variables. Most formal and informal
emand values and elasticities are based on studies conducted in Santiago (Batarce and Galilea, 2018; de Grange et al., 2013; Guarda et al., 2016b,a). However,
10

or calibration purposes, the informal demand elasticities with respect to price and inspection rate are higher than the values reported for this city.
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Table 1
Simulation parameters.
Parameter Value Unit Description

Nested Logit parameters
𝑁 12000 Pax/h Number of potential bus users (commuters)
𝜃𝑝 0.34 $ Valuation of making the trip formally
𝜃𝑒 0.03 $ Valuation of making the trip informally
𝜂 0.87 Nest parameter

Cycle time parameters
𝑇 2.72 h Time in motion in each cycle
𝑡 5 s Average boarding and alighting time per user
𝐿 60 km Cycle length
𝑠 0.5 km Distance between bus stops

Generalized cost parameters
𝛼𝑤 2.96 $/h Value of waiting time savings
𝛼0 1.18 $/h Base value of in-vehicle time savings
𝛼1 0.30 $/h Bus occupancy parameter
𝛿 0.5 Fraction of headway
𝑙 10 km Travel distance

Personal evasion cost parameters
𝛽0 10.59 Scale factor
𝛽1 −1.65 Elasticity w.r.t. boardings
𝛽2 −0.17 Elasticity w.r.t. occupancy

Operating costs parameters
𝛾 1 Operating cost multiplier
𝑐0 24.56 $/h Base cost per vehicle hour
𝑐1 0.49 $/h Vehicle size cost

Inspection parameters
𝜔 1.5 $/inspection Marginal inspection cost
ℎ 50 $ Value of the fine

Welfare parameters
𝜆 0.15 Shadow cost of public funds

Table 2
baseline scenario.
Variable Value Unit

Baseline Demand
Market share of the bus 𝑌 ∕𝑁 0.30
Evasion rate 𝑌 𝑒∕𝑌 0.30
Formal demand elasticity w.r.t. price %𝛥𝑌 𝑝∕%𝛥𝜏 −0.35
Informal demand elasticity w.r.t. boardings %𝛥𝑌 𝑒∕%𝛥𝑏 1.096
Informal demand semi-elasticity w.r.t. Occupancy %𝛥𝑌 𝑒∕𝛥𝜙 0.008

Baseline supply
Cost recovery ratio 𝜏 ⋅ 𝑌 𝑝∕𝑂𝐶 0.60
Frequency 𝑓 6 bus/h
Bus size 𝐾 100 pax
Bus occupancy 𝜙 1
Fare 𝜏 0.37 $
Operating cost ratio 𝑐0∕𝑐1 50
Inspection rate 𝜋 0.001

Eq. (11), the optimal inspection rate rises as the optimal fare increases. Therefore, an increase in the operating costs reduces formal
and informal demand similarly, leading to an evasion rate that remains almost constant when 𝛾 increases.

In line with the previous literature, the shadow cost of public funds strongly affects the optimal fare, ranging from $0.24 when
= 0 to $0.53 when 𝜆 = 0.3, which in turn, strongly impacts the optimal market share and frequency (Sun et al., 2016; Sun and

zeto, 2019; de Palma et al., 2017; Zou and Mizokami, 2014). However, unlike in previous studies, the optimal fare does not cover
he operating cost for realistic values of the shadow cost of public funds, which range between 0.08 and 0.20 depending on the
ountry and the tax considered (Harrison et al., 2002; Ballard et al., 1985; Auriol and Warlters, 2012). Note that, again, the evasion
ate remains almost the same. This occurs because the optimal fare and inspection rate are proportional to 𝜆∕[1 + 𝜆], as shown in
q. (12). Therefore, an increase in the cost of public funds reduces formal and informal demand similarly, leading to an optimal
vasion rate that does not change significantly with 𝜆.

As expected, the evasion rate increases with the marginal inspection cost 𝜔 ∈ [0, 4]. However, it has a low effect on the optimal
frequency and fare. We obtain a 17% evasion rate when 𝜔 is zero. In this extreme case, reducing fare evasion through inspection
11

is free, so we might expect that the optimal solution would be to inspect as many users as possible to reduce fare evasion to a
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Fig. 2. Numerical results.

inimum. However, the inspection rate only rises from 0.2% to 0.8% in the range of 𝜔. This occurs because some individuals
benefit more from evading than paying due to the NL formulation. Therefore, forcing these users to pay or leave the market would
produce welfare losses even if the inspection is free.

Finally, let us analyze the impact of the evasion cost elasticity with respect to boardings 𝛽1. First, note that the evasion rate falls
by 18 percentage points in the range of 𝛽1 ∈ [−2.2,−1.5]. To explain this result, note that the optimal frequency and market share
stay close to 7 bus/h and 29%, respectively, meaning that approximately four passengers board the bus at each stop in the range
of 𝛽1. However, the more elastic the evasion cost is, the higher the perception of anonymity when boarding with the other three
passengers. Therefore, the personal evasion cost decreases with the elasticity, falling from $1.56 when 𝛽1 = −1.5 to $0.45 when
𝛽1 = −2.2.

Since evasion becomes less costly as the elasticity increases, the optimal fare must be reduced to control evasion. Thus, the
cost recovery ratio falls by 17 percentage points in the range of 𝛽1. On the other hand, the optimal frequency only changes by
%. Although this change is not significant, the optimal frequency follows a U-shape that deserves some discussion. The driving
orce behind this shape is the change in the marginal inspection profits. Frequency reaches its minimum value when 𝛽1 = −1.7. At
his point, we get the lower marginal inspection profit and, therefore, the maximum incentive to reduce optimal frequency. When
1 = −2.2, the marginal effect of increasing the frequency on the evaders is small, so reducing the frequency has a negligible impact
12

n the inspection revenues despite the high evasion rate. On the other hand, when 𝛽1 = −1.5, the marginal effect of frequency on
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evaders’ costs triples, but the number of evaders falls by one-third. Therefore, the incentive to reduce the frequency is roughly the
same for the two extreme values of 𝛽1, leading to similar optimal frequencies.

6. Conclusion

In this paper, we have developed what we believe is the first theoretical model to study how fare evasion affects welfare-
maximizing public transport price and quality. The main finding of our analysis is that reducing fare evasion may be a solid new
argument for public transport subsidization. Numerical simulations confirm that the incentive to reduce fare evasion and the Mohring
effect can justify subsidies considering realistic values of the shadow cost of public funds. The policy implication of this result is
that a significant reduction in the public transport price may be an efficient strategy to deal with fare evasion in cities where other
measures, such as inspection, awareness campaigns, and deterrence, have proven ineffective or too costly. Moreover, our results
contribute to the ongoing policy discussion about public transport subsidization in the developing world, where fare evasion is
more relevant for transport authorities and scholars.

Interestingly, a positive evasion rate is optimal even if the marginal inspection cost is zero. This results from including the
evaders’ surplus in the social welfare function. However, as pointed out by anonymous reviewers, whether this is correct is an
ethical and philosophical question without an objective answer. One may argue that the optimal level of fare dodging should be
zero due to its unethical nature, so the fact that the utilitarian approach leads to a positive number of evaders may suggest that our
so-called social welfare function does not reflect that fare evasion is considered an antisocial activity. Intuition suggests that a social
welfare function that captures policymakers’ concern for morality and fairness may lead to sterner inspection to reduce fare evasion
below what the utilitarian approach implies (Sandmo, 1981). Nevertheless, this issue remains an open question not addressed by
the economic literature, and therefore, we believe it is an interesting new avenue for future research.

In our model, evaders heterogeneity is captured in the benefit function, which allows us to obtain simple analytical expressions
for the optimal design and pricing. We acknowledge, though, that evaders’ heterogeneity is more complex than this simple
representation. Therefore, a natural extension to our work is to consider evaders’ heterogeneity regarding intentionality, income,
and other socio-economic characteristics relevant to the analysis. Spatial variations of the demand conditions may also affect our
results since the average crowding experienced by users is higher than the average bus occupancy. This occurs because travelers
are disproportionally concentrated in more crowded vehicles, so fare evasion would also be concentrated where crowding is higher.
Thus, including a spatial dimension in the analysis could be an interesting extension of our work.

Another possible extension is to consider the automobile as a substitute mode since unpriced car externalities significantly impact
public transport design and pricing. Furthermore, a more complex but realistic approach, aiming to represent a specific city, should
be considered to study the interaction between fare evasion and other modes, markets, and policies. We also see the study of
non-linear pricing, such as travel passes, as a possible extension since the marginal price paid by pass owners is zero.

Our results also rely on the assumption that a public operator provides the bus service. However, public transport is usually
operated by private firms whose incomes may be affected by fare evasion. Therefore, regulating private operators can also be an
interesting extension of our model. Finally, we acknowledge that fare evasion depends on social, political, and cultural factors beyond
the scope of this paper. Although challenging, incorporating these dimensions into fare evasion modeling may be an interesting
avenue for future research.

7. Notational glossary

Notation Description
Decision variables
𝜏 Public transport fare
𝜋 Inspection rate
𝑓 Frequency
𝑌 𝑒 Number of fare evaders
𝑌 𝑝 Number of formal users
𝑌 Total number of users
Social Welfare function
𝑊 Social Welfare
𝐵(𝑌 𝑝, 𝑌 𝑒) Consumers’ benefit function
𝐶𝑆 Consumers’ Surplus
𝜆 Shadow cost of public funds
𝛱𝑝 Financial result of the bus operator
𝛱𝑒 Financial result of the inspection agency
13
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Cost functions
𝐺𝐶(𝑌 , 𝑓 ) Generalized cost
𝐸𝐶(𝑌 , 𝑓 ) Personal evasion cost
𝑂𝐶(𝑌 , 𝑓 ) Operating costs
𝐼𝐶(𝜋) Inspection costs
Demand elasticities
𝜂𝑖𝑖 Own price demand elasticity
𝜂𝑖𝑗 Cross price demand elasticity
𝜉𝑖 Demand superelasticity
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Appendix A. Endogenous value of the fine

Let ℎ ∈ [0, ℎ̄] denote the endogenous fine, where ℎ̄ is the maximum value given by law. Then, the equilibrium condition for the
evaders is given by:

𝐵𝑒 = 𝜋ℎ + 𝐺𝐶(𝑌 , 𝑓 ) + 𝐸𝐶(𝑌 , 𝑓 ), (31)

where 𝜋ℎ is the Expected Value of the Fine (EVF). Substituting Eq. (31) in the social welfare function Eq. (5), we can write the
planner’s welfare maximization problem as:

Max
𝑌 𝑖 ,𝑓 ,ℎ

𝐵(𝑌 𝑝, 𝑌 𝑒) + 𝜆

[

∑

𝑖∈{𝑝,𝑒}
𝑌 𝑖 ⋅ 𝐵𝑖

]

− [1 + 𝜆]
[

𝑌 ⋅ 𝐺𝐶(𝑌 , 𝑓 ) + 𝑌 𝑒 ⋅ 𝐸𝐶(𝑌 , 𝑓 ) + 𝑂𝐶(𝑌 , 𝑓 ) + 𝐼𝐶
(

𝐵𝑒 − 𝐺𝐶(𝑌 , 𝑓 ) − 𝐸𝐶(𝑌 , 𝑓 )
ℎ

)]

, (32)

s.t. ℎ ≤ ℎ̄. (32a)

Note that the objective function in Eq. (32) is strictly increasing with the value of the fine ℎ. Therefore, the fine’s restriction
Eq. (32a) is always binding.

Then, the optimal fare and EVF, denoted by (∼), are given by the following Ramsey formula for interdependent demand:

𝜉𝑝

[

𝜏 − 𝜏∗

𝜏

]

= 𝜉𝑒

[

𝜋̃ℎ̄ − 𝜋∗ℎ̄
𝜋̃ℎ̄

]

= 𝜆
1 + 𝜆

, (33)

Where 𝜏∗ and 𝜋∗ℎ̄ are given by:

𝜏∗ = [𝑂𝐶𝑌 + 𝑌 𝑝 ⋅ 𝐺𝐶𝑌 ] + 𝑌 𝑒 [𝐺𝐶𝑌 + 𝐸𝐶𝑌
]

+ 𝐼𝐶𝜋

[𝐵𝑒𝑝 − 𝐺𝐶𝑌 − 𝐸𝐶𝑌

ℎ̄

]

, (34)

𝜋∗ℎ̄ = 𝜏∗ −
𝐼𝐶𝜋

ℎ̄

[

1 −
𝐵𝑒𝑝

𝐵𝑒𝑒

]

[−𝐵𝑒𝑒], (35)

while 𝜉𝑖 denotes the demand superelasticity, which is usually defined in terms of the direct demand elasticity 𝜂𝑖𝑖 and cross demand
elasticity 𝜂𝑖𝑗 as (see Appendix B):

𝜉𝑖 =
𝜂𝑖𝑖𝜂𝑗𝑗 − 𝜂𝑖𝑗𝜂𝑗𝑖

𝜂𝑗𝑖 − 𝜂𝑗𝑗
> 0. (36)

On the other hand, the optimal frequency rule is given by:

𝑂𝐶𝑓 = −𝑌 𝑃𝐺𝐶𝑓 +𝛱𝑒
𝑓 , (37)

where:

𝛱𝑒 = −[𝑌 𝑒ℎ̄ − 𝐼𝐶𝜋 ]
[𝐺𝐶𝑓 + 𝐸𝐶𝑓

]

. (38)
14
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Finally, note that assuming ℎ̄ = 1 does not affect the optimal design and pricing rules since we are just scaling all the prices by
the factor 1∕ℎ̄.

Appendix B. Demand superelasticity

Let us consider a benefit function for two goods 𝐵(𝑌 𝑖, 𝑌 𝑗 ). In equilibrium, the inverse demand function of each good must be
equal to its price:

𝐵𝑖 = 𝑝𝑖, ∀𝑖 ∈ {𝑖, 𝑗}. (39)

Differentiating Eqs. (39) with respect to 𝑝𝑖 we get:

𝐵𝑖𝑖
𝜕𝑌 𝑖

𝜕𝑝𝑖
+ 𝐵𝑖𝑗

𝜕𝑌 𝑗

𝜕𝑝𝑖
= 1,

𝐵𝑗𝑖
𝜕𝑌 𝑖

𝜕𝑝𝑖
+ 𝐵𝑗𝑗

𝜕𝑌 𝑗

𝜕𝑝𝑖
= 0.

(40)

olving system (40) we get:

𝑌 𝑖
𝑖 = 𝜕𝑌 𝑖

𝜕𝑝𝑖
=

𝐵𝑗𝑗

𝐵𝑖𝑖𝐵𝑗𝑗 − 𝐵𝑖𝑗𝐵𝑗𝑖
, (41)

𝑌 𝑗
𝑖 = 𝜕𝑌 𝑗

𝜕𝑝𝑖
=

−𝐵𝑗𝑖

𝐵𝑖𝑖𝐵𝑗𝑗 − 𝐵𝑖𝑗𝐵𝑗𝑖
. (42)

n the other hand, the demand superelasticity is given by (Laffont and Tirole, 1993):

𝜉𝑖 =
𝜂𝑖𝑖𝜂𝑗𝑗 − 𝜂𝑖𝑗𝜂𝑗𝑖

𝜂𝑖𝑗 − 𝜂𝑗𝑗
=

𝑝𝑖
[

𝑌 𝑖
𝑖 𝑌

𝑗
𝑗 − 𝑌 𝑖

𝑗 𝑌
𝑗
𝑖

]

𝑌 𝑗𝑌 𝑖
𝑗 − 𝑌 𝑖𝑌 𝑗

𝑗

. (43)

Replacing Eqs. (41) and (42) in Eq. (43), we get:

𝜉𝑖 = −
𝑝𝑖

𝑌 𝑖𝐵𝑖𝑖 + 𝑌 𝑗𝐵𝑗𝑖
. (44)

Appendix C. Analytical solution for the NL

The planner’s welfare maximization problem is given by:

Max
𝑌 𝑖 ,𝜏,𝜋,𝑓

𝐶𝑆 + [1 + 𝜆] ⋅ [𝛱𝑝 +𝛱𝑒] (45)

subject to 𝑌 𝑖 = 𝛷𝑖, ∀𝑖 ∈ {𝑝, 𝑒}. (45a)

Where, without loss of generality, we normalize the number of commuters and the fine to one. Then, the first-order conditions can
be written as:

𝜉𝑝

[

𝜏 − 𝜏∗

𝜏

]

= 𝜉𝑒

[

𝜋̃ − 𝜋∗

𝜋̃

]

= 𝜆
1 + 𝜆

, (46)

𝑂𝐶𝑓 = −𝑌 𝑃𝐺𝐶𝑓 +𝛱𝑒
𝑓 . (47)

Where:

𝜏∗ = [𝑂𝐶𝑌 + 𝑌 𝑝 ⋅ 𝐺𝐶𝑌 ] + 𝑌 𝑒 [𝐺𝐶𝑌 + 𝐸𝐶𝑌
]

− 𝐼𝐶𝜋

[

𝐺𝐶𝑌 + 𝐸𝐶𝑌 +
𝛷𝑒

𝜏

𝛷𝑝
𝜏𝛷𝑒

𝜋 −𝛷𝑝
𝜋𝛷𝑒

𝜏

]

, (48)

𝛷𝑖
𝜏 = 𝜕𝛷𝑖

𝜕𝜏
, 𝛷𝑖

𝜋 = 𝜕𝛷𝑖

𝜕𝜋
, (49)

𝜋∗ = 𝜏∗ − 𝐼𝐶𝜋 ⋅
𝜂
𝛷𝑒 , (50)

𝜏
𝜉𝑝

= 𝜋
𝜉𝑒

= 1
1 − [𝛷𝑝 +𝛷𝑒]

. (51)

As expected, the optimal price and design rules (i.e., Eqs. (46) and (47)) are equivalent to the ones obtained in Section 4.
15
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Appendix D. Endogenous bus capacity

Let us define 𝐺𝐶(𝑌 , 𝑓 , 𝜙(𝑌 , 𝑓 ,𝐾)), 𝐸𝐶(𝑌 , 𝑓 , 𝜙(𝑌 , 𝑓 ,𝐾)) and 𝑂𝐶(𝑌 , 𝑓 ,𝐾) as the generalized, evasion and operating cost functions,
and 𝜙(𝑌 , 𝑓 ,𝐾) as the occupancy rate. Then, the planner’s welfare maximization problem is given by:

Max
𝑌 𝑖 ,𝑓 ,𝐾

𝐵(⋅) + 𝜆

[

∑

𝑖∈{𝑝,𝑒}
𝑌 𝑖 ⋅ 𝐵𝑖

]

− [1 + 𝜆]
[

𝑌 ⋅ 𝐺𝐶(⋅)+𝑌 𝑒 ⋅ 𝐸𝐶(⋅) + 𝑂𝐶(⋅) + 𝐼𝐶(⋅)
]

(52)

subject to 𝜙(⋅) ≤ 𝜙𝑚. (52a)

From the Karush–Kuhn–Tucker conditions of the planner’s maximization problem, it is straightforward to prove that restriction (52a)
is active if:

𝑂𝐶𝐾
|

|

|𝐾̄(⋅)
≥ −𝑌 𝑝 ⋅ 𝐺𝐶𝐾

|

|

|𝜙𝑚 ,
+𝛱𝑒

𝐾
|

|

|𝜙𝑚
, (53)

where:

𝐾̄(𝑌 , 𝑓 ) = 𝜙−1(𝑌 , 𝑓 , 𝜙𝑚). (54)

Otherwise, the occupancy restriction is not binding.

D.1. Not binding occupancy restriction

When the occupancy restriction is not binding, the optimal fare and frequency are given by Eqs. (12) and (14), while the optimal
bus size is given by:

𝑂𝐶𝐾 = −𝑌 𝑝 ⋅ 𝐺𝐶𝐾 . +𝛱𝑒
𝐾 , (55)

which is analogous to the optimal frequency rule.

D.2. Binding occupancy restriction

Let us define 𝐺𝐶, 𝐸𝐶 and 𝑂𝐶 as the generalized, evasion and operating cost when occupancy restriction is binding:

𝐺𝐶(𝑌 , 𝑓 ) = 𝐺𝐶(𝑌 , 𝑓 , 𝜙𝑚), (56)

𝐸𝐶(𝑌 , 𝑓 ) = 𝐸𝐶(𝑌 , 𝑓 , 𝜙𝑚), (57)

𝑂𝐶(𝑌 , 𝑓 ) = 𝑂𝐶(𝑌 , 𝑓 , 𝐾̄(𝑌 , 𝑓 )). (58)

Then, the planner’s maximization problem with binding occupancy restriction is equivalent to Eq. (8)
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