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This paper analyzes efficient pricing at a congested airport dominated by a single firm. Unlike much of the
previous literature, we combine a dynamic bottleneck model of congestion and a vertical structure model
that explicitly considers the role of airlines and passengers. We show that a Stackelberg leader interacting
with a competitive fringe partially internalizes congestion, and that there are various toll regimes that
induce the welfare maximizing outcome, widening the set of choices for regulators. In particular, charg-
ing the congestion toll that would apply for fully competitive carriers and that ignores any internaliza-
tion, to both the leader and the fringe, yields the first-best outcome.

� 2013 Elsevier Inc. All rights reserved.
1. Introduction by Levine (1969) and Carlin and Park (1970), who were the first to
As congestion at major airports worldwide continues to in-
crease and traffic approaches existing capacities, implementing
policies aimed at reducing delays effectively is becoming essential.
For example, in the first half of 2007, 30% of commercial flights in
US arrived more than 15 min late, and similar figures hold for Euro-
pean airports (Rupp, 2009; Santos and Robin, 2010). Policies to
solve the congestion problem have been extensively discussed dur-
ing the last decades. One alternative is capacity enlargements, but
these have the drawback of bringing benefits only after a long per-
iod of time, and at a relatively high cost (see Jorge and de Rus, 2004
for a cost-benefit analysis). Another option is congestion pricing,
perhaps the most discussed policy in the academic economics lit-
erature, often heavily inspired by the road pricing literature.1 How-
ever, governments, regulators and airports have not followed this
path. The current practice at many airports is to levy weight-based
landing fees, a rule that has been criticized since early contributions
argue that these charges provide wrong incentives and lead to inef-
ficiencies. Despite of four decades of theoretical and empirical con-
tributions calling for implementation of efficient landing and
takeoff charges based on economic principles, airport pricing
schemes have been kept remarkably unchanged. But, as delays are
reaching critical levels and other negative externalities, such as pol-
lution and noise, are becoming more important, congestion pricing is
likely to turn into a serious option for governments and regulators.2

This policy may be specially appealing because landing fees are al-
ready in place, and only changes are needed in the way that they
are charged. Moreover, in some countries, such as the US, landing
fees are allowed to vary by time of the day, a fundamental feature
of an efficient congestion pricing scheme.

It is now widely agreed that the vast literature on road conges-
tion pricing may not be directly applicable to airports, because air-
lines are non-atomistic players, in contrast to road drivers. Carriers
have market power and have non-negligible shares of the overall
traffic and, as a consequence, they can be expected to internalize
the congestion imposed on themselves. Daniel (1995) was the first
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3 We also show how the market-power exertion has to be corrected, finding
insights that are consistent with those in the previous literature, and that this
overturns the self-financing result if market-specific subsidies are drawn from the
airport budget.

4 Daniel (2009) recognizes that the dynamic atomistic toll charged to all airlines
induces the welfare maximizing output in his scheduling model, but he does not
analyze the leader’s response to the fringe behavior when facing the toll, and
therefore does not find alternative schemes. He also omits the passengers’ role in the
analysis, and our behavioral model seems to match his set of assumptions only when
leader and fringe serve independent markets whose demands are related only
through congestion.

5 The original model by Vickrey (1969) analyzes heterogeneity in desired arrival
time. For heterogeneity in values of time see e.g. Vickrey (1973), Arnott et al. (1994)
and van den Berg and Verhoef (2011).
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to recognize this, and Brueckner (2002) and Pels and Verhoef
(2004) analyzed the problem assessing the internalization of con-
gestion with theoretical models. Subsequent works by Brueckner
(2005), Zhang and Zhang (2006) and Basso and Zhang (2007) ex-
tend the analysis. The main conclusion regarding congestion pric-
ing, based on static models of congestion, is that carriers
competing in a Cournot-Nash fashion internalize self-imposed con-
gestion and, therefore, should be charged for the fraction of con-
gestion that they impose on others. This leads to a congestion
charge that depends on the rivals’ market share at the congested
airport, and, therefore, may be perceived as inequitable, as domi-
nant airlines should face lower charges than small carriers.

The contribution of this paper is to provide clear-cut insights into
and understanding of airlines’ strategic interactions and airport con-
gestion pricing in a model of dynamic congestion. We recognize the
vertical nature of aviation markets, thus explicitly including the role
of the airport’s tolls on the airlines’ behavior, and incorporating that
airlines compete taking these into account, while facing the passen-
gers’ demand for trips. We use the deterministic bottleneck model of
congestion developed by Vickrey (1969) and Arnott et al. (1990,
1993). This allows for an analysis that balances analytical tractability
and the inclusion of behavioral decisions that we believe are essen-
tial: airlines endogenously adjust departure or arrival rates, trading
off queuing delays and schedule delays, and passengers dislike queu-
ing and schedule delays in a different manner than airlines (i.e. at dif-
ferent shadow prices). By combining these two modeling features,
we have a structural model of dynamic congestion that allows for
an analysis of the firms’ inefficiency in terms of the number of flights
as well as the scheduling, and, as a consequence, allows for a deriva-
tion of the optimal policy that deals with both. We focus on sequen-
tial competition between a Stackelberg leader and a competitive
fringe. The model set-up is consistent with the empirical findings
of Daniel and Harback (2008), who show that observed traffic pat-
terns at most of the major US airports are consistent with the dy-
namic bottleneck model of congestion, and that most of the US
hub airports seem best described by competition between a Stackel-
berg leader and a competitive fringe.

Our main result is that, while the (untolled) equilibrium is fully
consistent with what previous literature with static congestion sug-
gests, first-best congestion pricing isnot. In particular, when a Stackel-
berg leader faces a competitive fringe, the equilibrium is fully
consistent with static models in that the fringe does not internalize
any congestion, and in that the leader’s ability to exert market power
and to internalize self-imposed congestion depends critically on the
assumed substitution pattern (just as in Brueckner and Van Dender
(2008)). On the other hand, we find that the first-best optimum can
be decentralized with a pricing policy that consists of a market power
subsidy for the leader, that is indeed a function of the assumed substi-
tution pattern, and a congestion toll for both agents that is indepen-
dent of whether internalization occurs in the untolled setting. We
show that charging the congestion toll that is derived for the fully
atomistic carriers to both leader and fringe always yields the first-best
outcome. This is because the subsidy deals with the leader’s overpric-
ing due to market power, and the time-varying congestion toll elimi-
nates queuing and provides the right incentives to take into account
the delays imposed on the rival airlines. We further show that there
are various alternative toll regimes that also attain the first-best, deal-
ing with the congestion inefficiency in yet different ways, while still
correcting for the market power exertion. Again, the congestion com-
ponent of all toll regimes is independent of the degree of internaliza-
tion by the leader in the unregulated equilibrium.

The results of this paper suggest that optimal congestion pricing
may have a more significant role on airports than what has been
suggested in the literature before. The congestion pricing scheme
that is obtained for fully atomistic carriers induces the first-best
outcome, and results in a revenue for the airport that restores
the well known self-financing result for congested facilities: the ra-
tio between first-best capacity investment costs and total revenue
from congestion pricing equals the degree of economies of scale in
capacity provision (Mohring and Harwitz, 1962).3 In addition, our
results suggest that the political feasibility of optimal congestion
pricing would be enhanced, as the (first-best) atomistic congestion
charges do not vary across airlines and therefore are less likely to
be perceived as inequitable. Finally, the fact that there are several
tolling regimes that yield the social welfare maximizing outcome
widens the set of choices for regulators.

Our analysis contributes to the policy analysis on congested air-
ports and extends previous literature that considers dynamic conges-
tion at airports. Works such as Daniel (1995, 2001) and Daniel and
Harback (2008, 2009) focus on cost minimization of scheduling
flights, hence ignoring the passengers’ role in the problem, or at least
treating that role only implicitly. Moreover, most of these papers aim
at testing whether the observed patterns of arrivals and departures of
flights support the internalization hypothesis. Daniel (2009) analyti-
cally studies the conditions under which dominant airlines internalize
self-imposed congestion with a deterministic bottleneck model,
focusing on Stackelberg-fringe competition, but omits the passengers
in the model, hence ignoring the fact that airlines use the airport as an
input to sell an output in a downstream market. By combining the bot-
tleneck congestion model with the explicit consideration of two
groups of agents (airlines and passengers) in a theoretical model, we
are able to study key elements that were not present in previous exer-
cises with dynamic congestion. These include an analysis on how air-
lines set the ticket price according to the time of departure, a
derivation of an explicit relation between the internalization of con-
gestion and the assumed passengers’ demand substitution pattern be-
tween airlines, and a clear comparison between the results derived in
models of static congestion and the results obtained with dynamic
congestion. We are also able to study the implications, for the optimal
pricing policy, of the strategic interaction between the leader and the
fringe, finding that there is a set of various pricing schemes that max-
imize social welfare, as opposed to a single optimal congestion toll .4

Finally, our analysis complements the findings of Brueckner and Van
Dender (2008) and Silva and Verhoef (2013) who show that congestion
charges can be optimally close to the atomistic charges depending on
the assumptions on the prevailing market structure.

Our results have to be qualified according to our assumptions.
Naturally, the dynamic bottleneck model is not directly applicable
when queuing is not necessary or helpful for airlines in order to ob-
tain a certain arrival time, as in fully slot-constrained airports. This is
because the airport’s regulator directly controls the timing through
slot allocations. For this case, more common in European airports,
an analysis of slot sales and slot trading is more pertinent (see Brue-
ckner, 2009). We also assume that airlines and passengers share a
most desired time of arrival or departure, and that airlines are
homogeneous in values of time. The model can be straightforwardly
extended in these directions following the road pricing literature.5

Lastly, we use the deterministic version of the bottleneck model for
analytical simplicity. A stochastic version that does not require at-
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tempted inflows at or above capacity to yield queues would be more
realistic. However, as the trade off between expected queuing and ex-
pected schedule delays will be driving airlines’ interactions, general
results may not change significantly, while detailed results such as
equilibrium delays, traffic rates and queue lengths will change.

The paper is organized as follows. Section 2 introduces the
model and the assumptions that are necessary for the analysis.
We illustrate the main features of the model by characterizing
the untolled equilibrium and deriving first-best and time-invariant
second-best tolls for perfectly competitive airlines. We then study
a monopoly carrier in the market. Section 3 extends the analysis to
competition where a Stackelberg leader faces a group of competi-
tive carriers, focusing on the untolled equilibrium and on first-best
tolling. We study the case of imperfectly elastic demand and
imperfectly substitutable airlines, and also look at the special cases
of perfect substitution, independent markets and perfectly elastic
demand. Finally, Section 4 concludes.
8 Using a reduced-form for the schedule delay cost in models of static congestion is
common in the aviation literature (e.g. Oum et al., 1995; Brueckner, 2004).

9 For example, this directly applies to business travel. It can be argued that for
leisure passengers this also hold as well, as, everything else constant, they prefer to
arrive at a certain time during the day. Another possible interpretation is related to
transfers at hub airports. Although our model does not consider network effects, one
can think of passengers using the flight for a transfer and, in that case, t⁄ would
represent their most preferred moment to arrive at the hub airport (the time that
makes the transfer possible without experiencing undesired waiting). Clearly, in this
case, a late arrival would be significantly more costly than an early arrival because it
2. The model

2.1. The basics and perfect competition

This section describes our model of dynamic airport congestion
and shows how it incorporates the main features of airlines and
passengers behavior, by looking at the case of perfect competition.
Subsequent sections look at the extension to different market
structures. We base our analysis in the work of Vickrey (1969)
and Arnott et al. (1990, 1993), extending their dynamic congestion
modeling for atomistic users (road users), to the case where con-
gestion occurs in a facility used by carriers with market power (air-
lines), who sell their output (trips) in a downstream market of
passengers. We focus our analysis on arrivals, thus the bottleneck
is the airport’s runway and queuing takes place in the air, before
landing. The analytical results would apply for departures as well,
and can in principle be extended to a network setting with multi-
ple airports and delays in both arrivals and departures.6

This model considers ‘‘pure’’ bottleneck congestion behind a bottle-
neck of finite capacity, implying that in absence of a queue and, as long
as the arrival rate of flights at the bottleneck is below its capacity, there
are no travel delays. Under other conditions, the queuing delay experi-
enced by a flight and its passengers depends on the length of the queue
at the moment of joining it. We assume that free-flow travel time is
zero,7 so that a flight that departs from the origin at td, arrives at the bot-
tleneck at the same time. As a consequence, in absence of queuing, the
time of arrival at the destination (landing), t also matches the time of
departure from the origin. When there is queuing, the arrival time, t is
the time of departure (td) plus the queuing delay T(t), and the length of
the queue, Q(t), grows or shrinks at a rate _Q ¼ rd � K , where rd is the
aggregate departure rate and K the capacity of the bottleneck. The travel
delay of a flight arriving at destination at t, is the length of the queue at
the moment of joining it, divided by the bottleneck’s capacity:

TðtÞ ¼ QðtdÞ
K

with td ¼ t � TðtÞ ð1Þ

Note that this definition, due to the perfect information assump-
tion, allows us to write time costs as a function of the arrival time at
the destination, instead of the departure time from the origin.
6 Note that our bottleneck model is relevant when the airport’s operational
conditions for arrivals (or departures) follow the first-in first-out (FIFO) discipline,
and is not directly applicable when the airport is managed with slots, because the
airport’s regulator directly controls the timing through slot allocations.

7 In a single origin–destination pair, we can assume zero free-flow travel time
without loss of generality, but this is generally different with multiple origin–
destination pairs.
We follow Small’s (1982) model of scheduling behavior for both
passengers and airlines, so that their time costs are the sum of travel
delay cost and schedule delay cost. Passengers, in a nutshell, experi-
ence travel delays in the form of queuing delays to land, and have a
preferred arrival time t⁄ from which any deviation (early or late) in-
duces a schedule delay. The passengers’ schedule delay cost, that
arises from the difference between desired and actual arrival (or
departure) time, was introduced in the context of aviation by Doug-
las and Miller (1974) and estimated by Morrison and Winston (1989)
as part of a passengers’ discrete choice model of airline.8 A natural
interpretation for this cost is that people, everything else constant,
want to arrive at their destination at a certain moment, that can be,
for instance, the start of the working day in order to make the most
out of it.9 The schedule delay costs for airlines is a less studied matter.
However, the scheduling of crew and coordination of arrivals and
departures (specially in hub-and-spoke networks), are possible inter-
pretations for including early and late schedule delay costs for airlines.
In addition, as we show in Appendix A, our analysis and results hold in
absence of airline schedule delay costs. Phrased differently, an airline’s
own schedule delay cost enters its maximization problem in the same
way as its passengers’ schedule delay costs do, as the latter imply a de-
creased willingness to pay a ticket fare.

Let g be a sub-index that denotes agent-type (p for passengers
and a for airlines), ag the value of travel time for agent type g, bg

the value of early schedule delay, and cg the value of late schedule
delay. Then, the generalized cost of arriving at t, for an agent type g,
Cg(t), can be written as:

CgðtÞ ¼ ag � TðtÞ þ
bg � ðt� � tÞ if t < t�

cg � ðt � t�Þ if t P t�

(
ð2Þ

The airline’s generalized cost differs from the user’s generalized
cost only in the values of time, which reflects our assumption that
airlines share the desired arrival time t⁄ with the passengers.10

Having described the congestion modeling, we can turn to the
passengers’ demand specification, and the airlines’ costs and profit.
We assume, for the perfectly competitive case, that passengers
perceive airlines as perfect substitutes, and that the demand for
an airline follows a linear inverse demand function:

D
X

i

qi

 !
¼ A� B �

X
i

qi ð3Þ

which gives the marginal willingness to pay for traveling; qi is the
number of passengers traveling with airline i; A represents the max-
imum reservation price, and B is the demand sensitivity parameter.
We use the linear specification for analytical simplicity, but our re-
sults do not depend crucially on this.
may imply loosing the connection.
10 Although the preferred arrival time for airlines may be endogenous, following

from desired arrival times for passengers, the analysis of this issue is beyond the
scope of this paper. With endogenous t⁄, it can be expected that the airlines’
preference is significantly affected by the passengers’ preferred arrival time and will
be close in practice. For example, in hub-and-spoke networks, airlines coordinate
arrivals and departures to facilitate passenger connections. Cost advantages because
of high passenger density may also drive airlines to adopt the passengers’ preferred
arrival time.
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The full price pi for a passenger traveling with airline i is the
sum of the fare (qi) and the generalized cost experienced by the
passenger. As we consider dynamic congestion, the various compo-
nents of the generalized cost are generally not constant over time
(see Eq. (2)). The condition for an equilibrium, where all flights are
used by passengers and where passengers are indifferent between
all the flights, is given by:

qiðtÞ þ CpðtÞ ¼ A� B �
X

i

qi ð4Þ

which is simply the full price of taking any airline i’s flight, that ar-
rives at destination at time t, equals marginal willingness to pay.
Recall that the generalized cost experienced by the passenger does
not depend on the identity of the airline, but only on the time of ar-
rival. The equilibrium condition in Eq. (4) implies that airlines
charge different fares for flights scheduled at different times, except
for flights whose users experience the same generalized cost. Forbes
(2008) provides empirical evidence that airlines indeed charge low-
er fares when they face higher delays.

As usual in the airport pricing literature, we assume that the
product of the load factor and the seat capacity is constant, so that
the number of passengers per flight is given. The airlines’ costs
consists of a time-invariant operating cost per flight c1, a time-
invariant operating cost per passenger c2, and the time-variant cost
Ca(t) described in Eq. (2). Denoting the constant product between
seat capacity and load factor as s, time-invariant costs can be ex-
pressed as a constant cost per flight c = c1 + s � c2.11 With the cost
structure defined, we can analyze the equilibrium in the airline mar-
ket and then study the regulator’s problem. This section looks at the
perfectly competitive case, to illustrate the main features of the
model.

In the case of imperfect competition, airlines would have as
decision variables the number of flights (or prices),12 and the
departure time of each flight. In order to analyze the perfectly com-
petitive case, we assume that there is a continuum of small compet-
itive airlines that can enter the market by scheduling a single flight
at any time. Therefore, each competitive airline’s decision variable is
the time of arrival t, and the aggregate number of flights will be gi-
ven by the zero-profit condition.13 The profit of an airline, that
schedules its only flight to arrive at t, is revenues minus costs:

pðtÞ ¼ s � qiðtÞ � CaðtÞ � c � sðtÞ ð5Þ

where s(t) is the time-variant per-flight toll (in this case, landing
fee) that the regulator might charge to airlines. Denoting f as the
aggregate number of flights, the total number of passengers is s � f,
and using the interior equilibrium condition in Eq. (4), airline profit
is:

pðtÞ ¼ s � ½A� B � sf � CpðtÞ� � CaðtÞ � c � sðtÞ ð6Þ

where the term between square brackets is the fare. Using Eq. (2)
and defining �a ¼ s � ap þ aa; �b ¼ s � bp þ ba and �c ¼ s � cp þ ca, the
profit of an airline whose flight arrives at time t can be simplified as:

pðtÞ ¼ s½A�B � sf � � c�sðtÞ� �a �TðtÞ�
�b � ðt� � tÞ if t < t�

�c � ðt� t�Þ if t P t�

(
ð7Þ
11 Because of the fixed-proportions assumption, constant costs per passenger and
per flight have the same effect, and can be aggregated. The same occurs when airlines
are charged a landing fee; it does not matter if it is a per-passenger fee or a per-flight
fee.

12 Choosing the number of flights is equivalent to setting the number of passengers
(quantity) because the fixed-proportion assumption implies qi = fi � s.

13 An alternative interpretation of the perfectly competitive case is that airlines are
not necessarily small, but they view price and congestion level as parametric. This
would imply that their fare and time of departure is given by the zero-profit condition
and they choose volumes.
This reduced form shows that airlines take into account the
generalized cost of its own passengers, because the lower the pas-
sengers’ generalized cost is, the higher the fare can be (see Eq. (4)),
on a dollar-by-dollar basis. Therefore, we can interpret the airline’s
problem as if they incur a generalized cost per flight, that is the sum
of its own generalized cost, Ca(t), and the generalized cost of all the
passengers on its flight, s � Cp(t).

The dynamic equilibrium is such that an airline cannot increase
its profit by changing the schedule of its single flight, for a given
scheduling behavior of the other airlines. By looking at Eq. (7), this
can only be achieved when every airline, i.e. every flight, faces the
same sum of toll and generalized cost per flight (the travel and
schedule delay cost terms on the right-hand side of Eq. (7)), be-
cause all other terms are time-invariant. This generalized cost
per flight from the airlines’ perspective, is similar to the general-
ized costs typically found in the bottleneck road pricing literature
for individual drivers (e.g., Arnott et al., 1990, 1993). A difference is
that the values of time considered by the airline, for a single flight,
are its own values of time plus the summed passengers’ values of
time in that flight. But, through the use of the composite shadow
prices �a; �b, and �c, this difference disappears from the formal model.
This enables us to describe the equilibrium in schedules following
the road pricing literature, and keep the discussion concise.

We first characterize the untolled equilibrium. The equilibrium
condition then is that the generalized cost per flight (Ca(t) + s � Cp(-
t)) must be constant over time during the period of operation;
otherwise an airline would have an incentive to reschedule its
flight and increase its profit. As shown in the road pricing litera-
ture, there is a unique aggregate queuing pattern that satisfies this
equilibrium property, and this pattern defines the (equilibrium)
scheduling behavior of the competitive airlines (see Appendix A
for the calculations and derivation of this result). Denote ts as the
(endogenous) first moment of operation, i.e. the time where the
first flight arrives at destination, and te as the (endogenous) end
of the operation period. The first flight departs at ts and arrives at
the same time, as there is no queue, incurring only early schedule
delay cost. The same holds for the last flight, at te, incurring only a
late schedule delay cost (if the last flight incurred queuing, its cost
could be reduced by departing later and still arriving at the same
moment). Arrivals are continuous in this model, and as a conse-
quence, the duration of the peak period has to be f/K, the total
number of flights divided by the capacity of the bottleneck. From
ts onward, the queue evolves, growing up to a maximum level (just
when a flight arrives at t⁄) and then decreasing until it dissipates
completely at te, in the unique way that makes the generalized cost
per flight constant over time. The resulting constant generalized
cost per flight can be found by determining the equilibrium timing
of the peak of duration f/K, such that the schedule delay costs are
the same for the first and last flight. This gives two conditions
ð�b � ðt� � tsÞ ¼ �c � ðte � t�Þ ^ te� ts ¼ f=kÞ that are sufficient to
determine the equilibrium generalized cost:

CaðtÞ þ s � CpðtÞ ¼
�d � f
K

8 t 2 ½ts; te� ð8Þ

where �d ¼ ð�b � �cÞ=ð�bþ �cÞ.14 The equilibrium departure rates can be de-
rived from equating the time derivative of Eq. (7) to zero. Note that the
aggregate scheduling pattern is unique, but an individual airline’s
scheduling is undefined due to the perfect competitive assumption.
This yields an equilibrium profit (superscript e) for any airline of:

pe ¼ s½A� B � sf � � c �
�d � f
K

ð9Þ
14 See Appendix A for a derivation of this result, and Arnott et al. (1990, 1993) for a
detailed discussion.
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Recall that airlines are indifferent between any arrival time t be-
tween ts and te, and passengers are indifferent between any flight,
because the full price of all flights is constant, equal to A � B � sf,
and given by:

pi ¼ qiðtÞ þ CpðtÞ ¼ A� B � sf ¼ 1
s
� c þ

�d � f
K

� �
ð10Þ

where the last equality comes from the zero-profit condition of the
perfectly competitive case (pe = 0). The passengers’ full price in the
no-toll equilibrium equals the airlines’ constant operating cost per
passenger (c/s) plus the generalized cost per flight divided by the
number of passengers. The total generalized costs (or travel delay
plus schedule delay costs) are the generalized costs per flight times
the number of flights, �d � f 2=K , as in the road case. In Appendix A we
extend the analysis by looking how the equilibrium fare varies over
time.

Fig. 1 illustrates the no-toll equilibrium for the competitive
case. The equilibrium is represented by the constant generalized
cost per flight (from Eq. (8)), and the depiction of s[A � B � sf] satis-
fying Eq. (10). The only conditions on the values of time that are
needed for this equilibrium to exist are that �a > �b > 0 and �c > 0.
As these values of time are made up of a combination of the pas-
sengers’ and the airline’s values of time, the interpretation for
the condition is not immediately straightforward. In the case of
passengers’ values of time, empirical evidence indicates that the
conditions are satisfied, i.e. that the value of travel time is higher
than the value of schedule delay early (ap > bp), and that the value
of schedule delay late is above zero (cp > 0) (see Morrison and
Winston, 1989; Lijesen, 2006).15 In the case of airlines, to the best
of our knowledge, there is no empirical evidence for the values of
schedule delay. However, given that the passengers relation is
intuitive and has empirical support, the only additional assumptions
that we need on the airlines’ values of time are that aa P ba, that
ba P 0 and that ca P 0. The requirement on the relation between
value of travel time (aa) and early schedule delay (ba) is consistent
with the plausible assumption that, when a flight is set to arrive
early, the airline prefers landing over extending the trip by making
a detour; the other requirement only states that values of schedule
delay are not negative.

With the untolled equilibrium characterized, we analyze the
regulator’s problem of maximizing social welfare through a per-
flight toll. First, consider the case of a time-invariant toll. As that
15 In fact, Lijesen (2006) finds evidence that cp > bp, something that is usually found
for road users.
toll does not vary over time, the airlines treat it as a constant oper-
ating cost and, for a given number of flights, it does not alter the
scheduling decisions: the toll can only affect the number of flights.
The regulator’s optimization problem follows:

max SW ¼
Z sf

0
ðA� BxÞdx�

Z te

ts

ðK � s � CpðtÞÞdt

�
Z te

ts

ðK � c þ K � CaðtÞÞdt ð11Þ

where the first term is gross benefits for sf travelers, the second is total
passenger generalized costs (at t, a flow of K flights will serve s passen-
gers each), and the third term is total airline costs that include constant
and generalized costs (fares and tolls cancel out). Rewriting,

SW ¼
Z sf

0
ðA� BxÞdx� K �

Z te

ts

ðs � CpðtÞ þ CaðtÞÞdt � K � c
Z te

ts

dt

¼
Z sf

0
ðA� BxÞdx�

�d � f 2

K
� f � c

ð12Þ

where the second equality uses that the duration of the peak is f/K, and
that, in equilibrium, s � Cp(t) + Ca(t) is constant (condition in Eq. (8)).

Let ŝ be the time-invariant toll. Comparing the first-order con-
ditions for welfare maximization and the airline zero-profit condi-
tion, we then obtain:
@SW
@f
� pe ¼ sðA� B � sf Þ � 2

�d � f
K
� c

� sðA� B � sf Þ � c �
�d � f
K
� ŝ

� �
ð13Þ

As a consequence, the welfare maximizing time-invariant toll
per flight is:

ŝ ¼
�d � f
K

ð14Þ

This toll matches the flat toll for the road bottleneck (Arnott
et al., 1993), because without altering the flights’ schedule, average
(per flight) generalized costs are �d � f=K , and the marginal social
generalized cost is therefore 2 � �d � f=K , which is fully consistent
with the road case. As a consequence, it is straightforward that
the second-best flat toll is the difference between the two. The
flat-toll in Eq. (14) is equal to the marginal delay cost that a flight
imposes on all airlines’ flights (including their passengers). This
time-invariant toll induces an aggregate number of flights f, which
is second-best optimal, given that queuing is not eliminated. The
fares will keep the dynamic structure that they have in the no-toll



Fig. 2. Monopoly time-invariant-toll equilibrium.
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equilibrium (see Appendix A for details), but the beginning and the
end of the peak (ts and te) will be different, as the total number of
flights is lower and the peak period shorter.

As queuing delay is a pure loss in this model, welfare can be im-
proved further. The reason is that, any number of flights in an equi-
librium with queues can be served in the same time interval,
without queuing while incurring the same schedule delay costs.
This requires an arrival rate equal to capacity throughout the peak,
which cannot be achieved spontaneously in equilibrium as the
flights closer to t⁄ would incur a lower generalized cost. The first-
best charge is the time-variant toll s(t) that decentralizes this
queue-free configuration. The toll is equal to the value of queuing
delay per flight in the no-toll equilibrium, �a � TðtÞ in Fig. 1, as it
makes the sum of generalized cost and toll constant over time
(the dynamic equilibrium condition) only when there is no queue
and solely schedule delay costs are experienced. As travel delays
are eliminated, the toll reduces the aggregate generalized cost by
50%, so that the marginal cost becomes equal to the generalized
price. That is, the total cost becomes �d � f 2=2K , so the marginal cost
is �d � f=K , which is equal to the price faced by the first and last
flight, and therewith by all flights. Denoting f ⁄ as the optimal
aggregate number of flights, the optimal toll is,
16 We are abstracting from potential entry in this setting, but we address this
question in Section 3.
sðtÞ ¼
�df �

K
�

�b � ðt� � tÞ if t < t�

�c � ðt � t�Þ if t P t�

(
ð15Þ

We call this toll structure the dynamic atomistic toll, in contrast
to the second-best flat toll of this problem, in Eq. (14). With s(t),
the flight that arrives at t⁄ does not experience delays and pays a
toll equal to the marginal social cost. The first and last flight face
a schedule delay equal to the marginal social generalized cost
and therefore do not pay any toll. In addition, the part of the toll
that reflects passenger valuation of delays is transferred to them
through the fare to maintain passenger equilibrium. The fare will
thus show a stronger time variation than in the no-toll equilibrium.

This section has extended the arguably most used model of dy-
namic congestion in the transport pricing literature to a case with a
vertical structure, where passengers have a demand for trips, of-
fered by atomistic, perfectly competitive carriers that make the
scheduling decisions. In the rest of the paper, we relax this
assumption and allow for different degrees of market power
through the analysis of various market structures.
2.2. The monopoly case

Here, we consider a market with a single airline facing a linear
inverse demand as in Eq. (3). The monopoly carrier has as decision
variables the number of flights F and how to schedule them, i.e. the
time of departure of each flight. Let ts be the time when the carrier
schedules its first flight and te the time when the last flight is
scheduled, then the airline’s profit is:

p ¼
Z te

ts

K � s � qðtÞ � K � c � K � CaðtÞdt

¼ K
Z te

ts

s½A� B � sF� � sCpðtÞ � c � CaðtÞdt

¼ s � F � ½A� B � sF� � F � c � K
Z te

ts

s � CpðtÞ þ CaðtÞdt ð16Þ

The second equality uses Eq. (4), and the third equality, that the
peak lasts F/K. We have shown that the last term on the right hand
side of Eq. (16) reflects the road case with composite values of time
�a; �b, and �c. Since the airline faces no competition,16 the flights will
be scheduled to minimize delays. The airline realizes that by choos-
ing a departure rate equal to the runway capacity, it will achieve the
minimum possible total generalized cost, only incurring schedule
delay costs and no travel delay costs through queuing.

This allows us to write the generalized cost per flight as sche-
dule delay costs that diminish linearly from �dF=K at ts to zero at
t⁄ and then grow to �dF=K at te. Taking this into account, and consid-
ering a per-flight time-invariant toll ŝ (that is seen as parametric
by the airline), the profit in Eq. (16) can be expressed as:

p ¼ s � F � ½A� B � sF� � F � c �
�d � F2

2K
� F � ŝ ð17Þ

The airline first-order condition for profit maximization is,

@p
@F
¼ s½A� B � sF� � B � s2F � c �

�dF
K
� ŝ ¼ 0 ð18Þ

which means that the (constant) full price paid by passengers is:
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p ¼ qðtÞ þ CpðtÞ ¼ A� B � sF ¼ 1
s
� c þ

�d � F
K

� �
þ B � sF þ ŝ

s
ð19Þ

implying that the fare, that maintains equilibrium, is:

qðtÞ ¼ 1
s
� c þ

�d � F
K

� �
þ B � sF þ ŝ

s
� CpðtÞ ð20Þ

In contrast to the competitive case, this condition shows that
the monopoly carrier charges to the passengers a markup of B � sf.
This is simply the number of passengers times the own-demand
price sensitivity, the traditional market power effect first de-
scribed, in the aviation context, by Pels and Verhoef (2004). Note
that the fare is time-dependent, as the passengers’ generalized cost
(Cp(t)) is not constant in this setting. Fig. 2 depicts the time-invari-
ant-toll equilibrium for a monopoly. There is no queue, and the
first and last flight (at ts and te, respectively) experience a general-
ized cost of �dF=K . The fulfillment of the first-order condition for
profit maximization is represented in the vertical axis, where
s½A� B � sF� ¼ c þ �dF=K þ B � sF þ ŝ. The time-variant per-flight fare,
s � q(t) in Eq. (20), is also depicted in Fig. 2. The slopes of the pas-
sengers’ generalized cost (Cp(t)) and the airline’s delay cost (Ca(t))
are the same as in the optimum of the competitive case, and there-
fore the slope of the per-flight fare is also the same.

Now, the regulator’s maximization problem is:

SW ¼
Z sF

0
ðA� BxÞdx� K �

Z te

ts

ðs � CpðtÞ þ CaðtÞÞdt � F � c ð21Þ

but, in contrast with the competitive case, the airline is scheduling
the flights in such a way that there is no queue. Hence, the second
term on the right-hand side of Eq. (21) is the same as derived in Eq.
(17), shaping social welfare in the following way:

SW ¼
Z sF

0
ðA� BxÞdx�

�d � F2

2K
� F � c ð22Þ

This is gross benefits of the sF passengers minus total social
costs; when there are no queuing delays, total generalized costs
are �d � F2=2K . Taking the derivative with respect to F, we get the
first-best condition:

s½A� B � sF� ¼ c þ
�d � F

K
ð23Þ

At the optimum, full price equals marginal social cost, which is
the sum of the marginal operating cost plus the marginal total gen-
eralized cost (including airlines and passengers through �d).17 Com-
paring the monopolist’s first-order condition in Eq. (18) and the first-
order condition for welfare maximization in Eq. (23), it is straightfor-
ward that the first-best toll is:

ŝ ¼ �B � s2F ð24Þ

The regulator corrects the market power exertion by subsidiz-
ing the airline, and does not have to give an incentive to the
monopolist to internalize congestion. This subsidy (�B � s F per pas-
senger) induces the optimal number of passengers, and is analo-
gous to the one obtained in the static model (Pels and Verhoef,
2004). A monopoly airline internalizes all the congestion costs by
scheduling the flights efficiently: there is no queuing and therefore
there is no need for congestion pricing. In Fig. 2, when the optimal
17 We look at the full price of a flight (the full price of a trip A � B � sF times the
number of passengers in a flight s) and the marginal social cost of a flight, but there is
no loss of generality. The condition also implies that the full price of a trip equals the
marginal social cost of a seat.
subsidy is applied, the term B � s2F þ ŝ disappears and the first-best
condition in Eq. (23) is satisfied. Moreover, the per-flight fare (s
multiplied by the per-passenger fare) at the first and last flight is
simply the airline’s cost per flight, as Fig. 2 shows.

Despite the fact that in the monopoly case only a subsidy that de-
creases price is needed, it is important to emphasize that the dy-
namic atomistic toll in Eq. (15) could also be charged to the
monopoly airline without altering social welfare, but transferring
part of the monopoly carrier profits to the regulator. This is the re-
sult of the congestion technology: the monopoly airline cannot do
better than setting the arrival rate equal to capacity in time win-
dows where it has arrivals, so as to incur only schedule delay costs,
regardless of the dynamic toll schedule it faces. To see this, it is en-
ough to add the time-variant toll to the monopoly profit in Eq. (16):

p ¼ s � F½A� B � sF� � F � c � K
Z te

ts

s � CpðtÞ þ CaðtÞ þ sðtÞ dt ð25Þ

By charging the dynamic atomistic toll in Eq. (14) to the monop-
oly, it is straightforward that s � Cp(t) + Ca(t) in Eq. (25) cancels out
with the time-variant part of the toll, and the airline will set full
price of a flight equal to c plus the constant part of the toll per flight
ð�dF�=KÞ and the market power mark-up. By including the subsidy,
the outcome will be the first-best.

After having discussed the monopoly case, and before moving to
the leader-fringe setting, a comment on the simultaneous competi-
tion between a small number of airlines in a Cournot fashion is
needed. Space is lacking to provide a detailed discussion, but we
can assure that, within the framework of the deterministic dynamic
bottleneck model described above and with symmetric airlines,
there is no equilibrium in pure strategies for a general set of values
of time.18 It is not unlikely that, and currently under study whether,
under different conditions and with additional modeling assumptions,
it may be possible to find an equilibrium. However, the required
changes make the model to depart far from the current one and,
therefore, would place the analysis outside the scope of this paper.

3. A Stackelberg leader with a competitive fringe

We now turn to the case of competition between a Stackelberg
leader and a follower that behaves competitively. This market
structure was shown to be empirically relevant by Daniel (1995),
and was studied further by Daniel and Harback (2008). They show
that most of the US airports have queuing patterns that are consis-
tent with a stochastic bottleneck model, and exhibit evidence that
the Stackelberg-fringe market structure is the one that fits best the
observed queuing patterns. The purpose of this section is to assess
the degree of internalization of congestion by the leader, and to de-
rive the first-best tolls. To the best of our knowledge, there are two
papers that study this type of set-up from a theoretical point of
view. Brueckner and Van Dender (2008)—with a static congestion
model—show that the internalization of self-imposed congestion
by a Stackelberg leader facing a competitive follower can approach
the atomistic levels, depending on the assumed substitution pat-
tern, and that the first-best congestion toll can also approach the
atomistic toll. On the other hand, Daniel (2009), with a dynamic
bottleneck model of congestion, argues the need for atomistic tolls
for both the leader and the competitive fringe with an analytical
model that includes only the airlines, and therefore omits the ver-
tical structure and the passengers’ role in the analysis.
18 For the conventional case ð�c > �a > �b > 0Þ, some intuition can be obtained by
realizing that the only candidate symmetric equilibrium that has firm-internal
marginal cost equalized over time, would provide an incentive to an individual firm to
deviate by moving all queuing flights to the end of the peak and schedule them at a
rate equal to the spare capacity.
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The competitive follower can be interpreted as a group of com-
petitive airlines, as in Section 2.1 with a free-entry condition. These
airlines do not need to be small in general, but only to have a small
share of flights at the airport under consideration, where a single
airline acts as a leader. Following the aviation literature, we use
the term ‘‘fringe’’ for this group of airlines that behaves competi-
tively, regardless of the temporal location of its flights. We assume
that both the leader and the fringe treat the tolls that the regulator
sets as parametric, and that when the Stackelberg leader makes its
decisions, it is aware of the toll that the regulator applies to the
fringe.19

3.1. Untolled equilibrium

To study the airlines’ interactions and assess the internalization
of congestion, we first look at the no-toll equilibrium, following the
framework proposed in Section 2. We extend the demand model to
account for various substitution patterns between the leader and
the fringe, by using the representative consumer model proposed
by Dixit (1979). Demands are assumed to arise from the following
strictly concave quadratic utility function:
Uðql; qf Þ ¼ A � ðql þ qf Þ � B � q2

l þ 2 � E � ql � qf þ B � q2
f

� �
=2, where A,

B, and E are positive, and ql and qf are the number of passengers
of the leader and the fringe respectively. This implicitly assumes
that fringe carriers are perceived as perfect substitutes, and gives
rise to the following inverse demand structure:

Diðqi; qjÞ ¼ A� B � qi � E � qj i 2 fl; fg ^ j – i ð26Þ

where A represents the maximum reservation price, B is the own-
demand sensitivity parameter, and E is the cross-demand sensitiv-
ity parameter. We assume B P E P 0 in general, and usually
B > E > 0 so that outputs are imperfect substitutes. Perfect substitut-
ability is a special case of our specification (E = B), while E = 0 has
airlines serving independent markets. This specification allows us
to account for horizontal product differentiation that may come
from particular aspects that may differ across carriers and make
passengers perceive airlines as imperfect substitutes (e.g. food
and language).20 The passengers’ equilibrium condition, that stipu-
lates that the marginal willingness to pay has to be equal to the
per-trip generalized cost, implies the following fare:

qiðtÞ ¼ A� B � qi � E � qj � CpðtÞ i 2 fl; fg ^ j – i ð27Þ

This again implies that all carriers, in general, charge a fare that
depends on the time of departure, as Cp(t) does.

In this game, each fringe carrier has the departure time of its
flight as a decision variable, and the aggregate volume of the fringe
is determined by the zero-profit condition. As in Section 2.1, in
equilibrium, the generalized cost per flight (s � Cp(t) + Ca(t)) must
be constant in a period where the fringe operates (see Eq. (8)),
otherwise a carrier will have an incentive to reschedule its flight.
Moreover, in absence of the leader, this can only be possible by
queuing in the center of the peak, i.e. around the desired time of
arrival t⁄, because it is where schedule delays are lower. In order
to balance schedule delay costs and queuing delay costs, the queue
must build up until t⁄ and, only then, start to dissipate until it dis-
appears completely. As we describe in Section 2.1, and derive in
19 Brueckner and Verhoef (2010) point out that assuming that agents are large
enough to exert market power and to recognize the impact of their decisions on
overall congestion, but that they do not take into account the impact of their actions
on the tolls, is a strong assumption. We maintain this assumption to focus on the first-
order effects and comparison with earlier literature, but discuss how the solution
proposed by Brueckner and Verhoef (2010) applies to our case in Section 3.3.

20 A model of (vertical) product differentiation where firms also choose quality
would be more general, but it would divert attention from the implications of
dynamic congestion on internalization and pricing.
Appendix A, there is a unique aggregate pattern of departures that
makes the generalized cost per flight constant over time, that will
be the equilibrium pattern during the time-window where the
fringe operates.

On the other hand, the Stackelberg leader has as decision vari-
ables the number of flights and the departure time of each of its
flights. Because it anticipates the behavior of the fringe, the leader’s
timing best response can be reduced to scheduling flights joining
the queue of the fringe operators, and/or to schedule flights outside
this congested period—in the peak shoulders—with a departure
rate equal to capacity and bearing only schedule delay costs.21 This
is because the fringe carriers have the same (composite) values of
time as the leader, and therefore the leader cannot benefit from tak-
ing over the center by causing higher queuing delays in this period.
As a consequence, its best scheduling strategy for its flights in the
center is to join the fringe’s queue without exceeding the aggregate
departure rate that makes the generalized cost per flight constant
over time. The leader also correctly perceives that scheduling flights
in the shoulders of the peak, without queuing, may be attractive if
the fringe’s number of flights (that are queuing in the center) is suf-
ficiently inelastic to its own decisions.

Let f be the number of flights that the fringe operates, lc the
number of flights that the leader schedules in the peak center along
with the fringe, and ls the leader’s number of flights in the peak
shoulders. The fringe equilibrium condition is the same as in the
competitive case (see Eq. (9)), but includes the fact that the leader
has s(lc + ls) passengers, affecting its inverse demand. Furthermore,
the generalized cost per flight in the peak center is constant, and
will equal to �d � ðf þ lcÞ=K , as a result of the center’s duration being
(f + lc)/K, and the first and last flight having the same generalized
cost.22 The fringe zero-profit equilibrium condition is then given by:

s A� B � sf � E � sðlc þ lsÞ½ � � c �
�d � ðf þ lcÞ

K
¼ 0 ð28Þ

This condition defines f as a function of lc and ls, and, therefore,
it defines the fringe’s response to a change in the number of flights
set by the leader in both the center and the peak. The fringe’s num-
ber of flights depends not only on the number of flights set by the
leader in the peak center (lc), but also on those in the shoulder (ls),
unless E = 0. This is an important point to stress, because it allows
us to identify the condition that makes the fringe care only about
what happens in the center. The latter is the assumption made
by Daniel (2009). The full independence case of our model (E = 0)
is thus the case where results may be comparable with Daniel’s
(2009) findings.

Straightforward calculations (see Appendix B for all derivations)
yield the following conditions:

�1 6
@f
@lc

<
@f
@ls
6 0 ð29Þ

which imply that the leader anticipates that any reduction in quan-
tities (through a reduction in frequency either in the center or in the
shoulders) will be met by an increase in the fringe’s number of pas-
The leader can set the departure rate equal to the capacity of the bottleneck in the
peak shoulders and achieve the minimum time costs, because it does not face
competition or potential entry in the peak shoulders.

22 Denote tc1 the beginning of the center and tc2 the end. The conditions that
determine the generalized cost per flight are: �b � ðt� � tc1Þ ¼ �c � ðtc2 � t�Þ ^ tc2 � tc1 ¼
ðf þ lcÞ=k. Solving for tc1 and tc2, the costs at the borders will be
ðð�b � �cÞ=ð�bþ �cÞÞ � ðf þ lcÞ=K , and denoting �d ¼ ð�b � �cÞ=ð�bþ �cÞ we get the result above.
This also implies that a fraction �c=ð�bþ �cÞ of the flights will arrive early (between tc1

and t⁄) and a fraction �b=ð�bþ �cÞ of the flights will arrive late (between t⁄ and tc2).
The aggregate departure rate is obtained by equalizing the time-derivative of
s � Cp(t) + Ca(t) to zero.
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sengers, or, equivalently, new entry, until the fringe profit is again
zero.

There are two effects driving the fringe’s response. First, as air-
lines are perceived as (imperfect) substitutes, any reduction in out-
put by the leader will induce a shift in the inverse demand of the
fringe, that will induce an increase in the fringe’s output (this
can be seen in the first term of Eq. (28)). Second, the airlines are
imposing congestion on each other, and the leader predicts that
any frequency reduction is partially offset by an increase of the
number of flights set by the follower in response to reduced queu-
ing (the third term in Eq. (28)). The substitutability effect is the
same for changes in the number of flights in the center and in
the shoulders, but the congestion effect happens only in the center,
where there is congestion interaction. This is the reason why the
fringe’s response is stronger for changes in the center than in the
shoulders (@f/@lc < @f/@ls).

When products are perfect substitutes (E = B), @f/@lc = �1, which
means that any change in the leader’s number of flights in the cen-
ter is fully offset by an opposite change of equal magnitude by the
fringe. This is because the zero-profit condition in Eq. (28), deter-
mines a unique value for the aggregate number of flights when air-
lines are perfect substitutes. In the other extreme, when airlines
serve independent markets (E = 0), the substitution effect disap-
pears and only the congestion effect survives. This implies that
@f/@ls = 0 ^ �1 < @ f/@lc < 0, because in the shoulders there is no
congestion. The general case of imperfect substitutability
(B > E > 0) is, naturally, in between the two cases above, satisfying
Eq. (29) with strict inequalities.

With the response of the fringe defined, we can look at the first-
order conditions for the Stackelberg leader and derive the equilib-
rium. In this untolled equilibrium, the leader’s profit can be sepa-
rated into two terms, the profit from the operations in the peak
center and the profit from the peak shoulders. In the center, be-
cause of the fringe’s presence, the generalized cost per flight must
be constant and equal to �d � ðf þ lcÞ=K. In the shoulders, the leader’s
timing best response is to set the arrival rate equal to the bottle-
neck’s capacity and experience only schedule delay costs. Since
the duration of the entire peak has to be total number of flights
over capacity, (f + lc + ls)/K, the schedule delay cost of the first and
last flight is �d � ðf þ lc þ lsÞ=K. The reason is the same as for the peak
center; equalizing schedule delay costs at the borders and knowing
the duration, provide the necessary conditions to determine costs
at the borders (see Footnote 22). Finally, with linear schedule delay
costs, the average generalized cost per flight in the peak shoulders
will be the average between the schedule delay cost at the exterior
border of the shoulder (of the first and last flight) and the schedule
delay cost at the interior border of the shoulder (at the beginning
and end of the center):
½�d � ðf þ lc þ lsÞ=K þ �d � ðf þ lcÞ=K�=2 ¼ �d � ðf þ lcÞ=K þ �d � ls=ð2KÞ. This
shapes the profit in the following way:

P ¼ lc � s½A� B � sðlc þ lsÞ � E � sf � � c �
�dðf þ lcÞ

K

� �
þ ls

� s½A� B � sðlc þ lsÞ � E � sf � � c �
�dðf þ lcÞ

K
�

�dls
2K

� �
ð30Þ

The leader’s profit is a function only of ls and lc, because we are
already taking into account the equilibrium strategy in departure
times. Any amount of flights the leader sets in the shoulders, ls, will
be scheduled at a departure rate equal to capacity, and any number
of flights in the center lc, will be scheduled such that generalized
costs are constant (taking into account that the fringe also sched-
ules flights in the center). The first-order conditions, in Appendix
B, show that the leader exerts market power through a markup
that is less than the traditional monopoly markup, because of the
fringe’s offsetting behavior. We also find that the fraction of flights
that the leader sets in the shoulders is:

ls

ls þ lc
¼ 1� Es2 þ �d=K

Bs2 þ �d=K
< 1 ð31Þ

This shows that in the untolled equilibrium the leader always
schedules flights in the peak center, a key result to understand
the scheduling behavior of the leader. Recall that in our model
there are two sources of inefficiency: the number of flights and
the timing of flights. As explained above, the flights in the shoul-
ders are scheduled without queuing and, in this sense, efficiently;
on the other hand, the flights in the center are scheduled ineffi-
ciently as they share the queuing pattern with the competitive
fringe. Therefore, the fraction ls/(ls + lc) is a direct measure of the
leader’s degree of efficiency in timing. As this ratio is always below
1, the leader never behaves fully efficiently in terms of timing.

When demand is imperfectly elastic and airlines are imperfect
substitutes (i.e. 0 < E < B), the leader schedules flights in both the
peak center as well as in the peak shoulders (ls/(ls + lc) > 0), behav-
ing partially inefficient in terms of scheduling. This is also the case
when the outputs are independent (E = 0). In the case of perfect
substitution (E = B) and when demand is perfectly elastic
(B = E = 0), the leader sets all of its flights in the peak center (so
the peak center occupies the full peak), queuing along with the
fringe, and being fully inefficient. The reason is that the leader
knows that the fringe reacts to increases in lc by offsetting them,
so that the fringe will make room for the leader’s flights; and con-
versely, if the leader decreases the number of flights in the peak
center by shifting to the shoulders, the fringe will increase the
number of flights raising the generalized costs. When the fringe
fully offsets the changes in the leader’s number of flights, the lea-
der is better off setting all the flights in the peak center along with
the fringe. When this effect is partial, the leader is better off setting
part of the flights in the center.

The implications for congestion internalization are now
straightforward to identify. The leader fails to fully internalize
self-imposed congestion because the offsetting behavior of the
fringe (shown in Eq. (29)) reduces its incentives to decrease output.
When demands are perfectly elastic or when demand is imper-
fectly elastic and products are perfect substitutes, the leader does
not internalize any congestion and behaves atomistically (consis-
tent with its own demand becoming, in practice, perfectly elastic).
In the case of full independence and imperfect substitutability, the
leader internalizes only a fraction of the self-imposed congestion,
because the offsetting behavior of the fringe is partial. These re-
sults reproduce previous findings, regarding internalization of
self-imposed congestion in a Stackelberg-fringe competition, by
Brueckner and Van Dender (2008), but now in a dynamic conges-
tion model. Our result for full independence is also similar to the
result by Daniel (2009), who finds that the leader sets a fraction
of the flights in the peak center that ranges from 0 to 1 in the un-
tolled equilibrium (Daniel, 2009’s Proposition 1). Daniel argues
that the leader sets all of the flights in the peak shoulders when
the number of flights by the fringe is fixed. This is also true in
our model, and is obtained when market are independents and
only the fringe faces a perfectly inelastic demand.
3.2. First-best tolls

Tolls are required to correct the inefficiency present in the two
margins of choice of the airlines: number of flights and trip timing.
The number of flights is not optimal as a result of market power
exertion by the leader and the lack of full internalization of conges-
tion by all airlines. The inefficiency in trip timing is due to the fact
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that queuing is a pure loss in this model: any amount of flights
queuing in a certain period of time can be rescheduled to arrive
during the same interval in such a way that there is no queuing
while schedule delays do not increase, therefore reducing social
costs.

As a result of this, the optimal timing decision by carriers must
satisfy an aggregate departure rate equal to capacity, so that there
are no queuing delays and no spare capacity. This allows us to drop
the differentiation between the leader’s flights in the center and
shoulders, because there is no center with queuing. Let l be the
number of flights of the leader and f the fringe’s number of flights.
Because, in the first-best optimum, the first and last flight must
experience the same cost (only schedule delay cost) and the dura-
tion of the peak is (l + f)/K, delay costs will equal �d � ðlþ f Þ=K in the
borders, and they will decrease linearly to zero at t⁄. This yields a
total social delay cost of ðlþ f Þ � �d � ðlþ f Þ=2K , and the first-best
conditions, equating marginal social cost to full price for both the
leader and the fringe, are given by:

s½A� B � sl� E � sf � ¼ s½A� B � sf � E � sl� ¼ c þ
�d � ðlþ f Þ

K
ð32Þ

Denote f⁄ and l⁄ the first-best number of flights that solve Eq.
(32). As the fringe does not exert market power, it is inefficient
only in the timing decisions (excessive queuing). This implies that
the congestion toll that has to be charged to the fringe is the dy-
namic atomistic toll described in Section 2.1:

sðtÞ ¼
�dðf � þ l�Þ

K
�

�b � ðt� � tÞ if t < t�

�c � ðt � t�Þ if t P t�

(
ð33Þ

This toll is the marginal social cost of the first-best equilibrium
(first term on the RHS of Eq. (33)) minus the schedule delay cost at
time t. It gives the incentive to each fringe carrier to schedule its
single flight such that the aggregate departure rate equals capacity,
because it is the only timing equilibrium that yields a constant
generalized price over time (the experienced schedule delay can-
cels out with the time-variant part of the toll). A higher departure
rate would generate queuing delays and, therefore, a higher and
unbalanced generalized price over time. A lower aggregate rate
will generate room for new entry of fringe carriers, that would oc-
cur until there is no spare capacity.

To derive the optimal toll that the leader has to pay, we need to
derive its best response in timing and number of flights, when the
fringe faces the dynamic atomistic toll in Eq. (33). With static mod-
el of congestion, this is straightforward, as the only decision vari-
able is the number of flights. In the present setting, the leader
also chooses the departure time of each of its flights. The main re-
sult of our analysis is that the first-best congestion toll for the lea-
der is not unique. There is a time-invariant toll that can be charged
to the leader in order to achieve the first-best outcome, a time-var-
iant toll that also yields the efficient outcome, but there are also
various other pricing schemes.

� Time-invariant toll.

The Stackelberg leader has the potential to schedule its flights
without incurring queuing delays, as we discussed in Section 2.2
for a monopoly, but it has reduced incentives to do so in the no-toll
equilibrium of this game because of the fringe’s presence. How-
ever, when the regulator imposes the dynamic atomistic toll in
Eq. (33) to the fringe, the leader realizes that it can schedule flights
efficiently (without queuing and operating at capacity), and knows
that this keeps the fringe completely out of its own period of oper-
ation. This is because the fringe, when facing the atomistic toll in
Eq. (33), experience a constant generalized price per flight equal
to the marginal social cost ð�dðf � þ l�Þ=KÞ, regardless of the time of
operation, as long as the aggregate departure rate is, at most, equal
to capacity. In any other case, the generalized price will be higher.
Thus, the leader, by setting its departure rate equal to capacity,
effectively prevents entry from the fringe to its period, because
the fringe is always better off operating at times when departures
do not exceed the capacity.

The leader realizes that it is better off operating in the peak cen-
ter, around t⁄, where the schedule delays are lower. For any
amount of flights l, the profit maximizing timing strategy is to
set the departure rate equal to capacity (to have only schedule de-
lay costs and prevent the fringe from entering), from t1 to t2 such
that the cost of the first flight and the last flight is the same
(�b � ðt� � t1Þ ¼ �c � ðt2 � t�Þ). As t2 � t1 = l/K, the delay cost at the bor-
ders equals �d � l=K , and as schedule delay costs are linear and zero
at t⁄, the average delay cost per flight will be �d � l=2K. Then, the lea-
der’s profit and first-order condition, when facing a time invariant
toll ŝ, is23:

P ¼ l � s½A� B � sl� E � sf � � c �
�dl

2K
� ŝ

� �
@P
@l
¼ 0) s½A� B � sl� E � sf � ¼ c þ

�d � l
K
þ Bþ E � @f

@l

� �
� s2lþ ŝ ð34Þ

The leader fails to take into account the delays imposed on the
fringe (�df=K is not in the full price), and exerts market power (third
term on the RHS of Eq. (34)), which in this case is reduced com-
pared to the monopolistic case, because of the (partial) offsetting
behavior of the fringe. The fringe’s full price depends on l only
through the demand side (the substitutability effect) because there
is no queuing interaction. Hence, any reduction of frequency by the
leader will result in a lower full price for the fringe, that—because
of the free-entry (zero-profit condition)—translates into an output
expansion by the fringe. The first-best flat-toll for the leader is sim-
ply the toll that corrects market power and congestion effects, and
makes the full price set by the leader (RHS of Eq. (34)) equal to the
marginal social cost (RHS of Eq. (32)):

ŝ ¼
�df �

K
� Bþ E � @f

@l

� �
� s2l� ð35Þ

This first-best toll consists of a market power subsidy (second
term on the RHS), that depends on the substitution pattern, and
a congestion charge that is independent of the amount of internal-
ization of the untolled equilibrium. Our result shows that the con-
gestion side of the toll appears to be different from what has been
found in the literature before. Brueckner and Van Dender (2008)
find that the leader should pay a congestion toll that lies in be-
tween the congestion imposed on the fringe and total marginal
congestion costs (depending on the substitution pattern). We find
that, when the regulator charges the dynamic atomistic toll to the
fringe, because of the sequential nature of the game and the con-
gestion technology, the leader does not fail to internalize self-im-
posed congestion. As a consequence, the regulator can induce the
first-best outcome by charging the delays imposed by the leader
on the fringe (analogous to the so-called ‘‘Cournot’’ toll).

When airlines are perfect substitutes (E = B), there is no need for
market power subsidy as the fringe fully offset any reduction of
flights (@f/@l = �1). As both types of agent behave atomistically,
only the aggregate number of flights is defined and, therefore,
the toll �df �=K will define the proportion of flights set by the leader



Fig. 3. First-best equilibrium with the time-invariant toll charged to the leader.
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and the fringe. In particular, the regulator can set the leader’s con-
gestion toll to zero, meaning that the leader will supply the opti-
mal output making the optimal timing decisions. In the case of
full independence, the fringe does not exhibit the offsetting behav-
ior as there is no substitutability effect nor congestion effect (@f/
@l = 0), and the congestion part of the toll is uniquely determined
because f⁄ is unique (see Eq. (32)). In the general case of imperfect
substitution (0 < E < B), the market power subsidy is lower because
of the partial offsetting behavior of the fringe, and approaches zero
as airlines become closer substitutes, while the congestion part of
the toll remains uniquely defined by Eq. (32).

Fig. 3 shows the (first-best) equilibrium that results from charg-
ing ŝ in Eq. (35) to the leader, and the dynamic atomistic toll in Eq.
(33) to the fringe. The leader schedules its flights to arrive in the
center, between [t1, t2], the fringe operates outside, between
[ts, t1] and [t1, te], the first-best conditions in Eq. (32) are satisfied,
and there are no queuing delays. The leader charges a fare that de-
pends on the time of departure (q(t)), its profit is equal to the saved
queuing costs �dl�2

=2K and the revenues from the market power ef-
fect (l⁄ � (B + E � @f/@l) � s2 l⁄, not shown graphically). The congestion
toll revenues (before subtracting the subsidy) per unit of capacity
are equal to the shaded area in Fig. 3: the sum of the revenues from
the leader (the rectangle in the center) and from the fringe (the
two triangles at the shoulders).

� Time-variant toll.

In this section we show that the first-best can also be attained
by charging the dynamic atomistic toll in Eq. (33) to both the lea-
der and the fringe, if, in addition, the market power subsidy is gi-
ven to the leader. To see this, consider a leader’s flight that is
scheduled to arrive at t to the destination. The profit that the leader
gets from that flight is given by:

pðtÞ ¼ s � ½A� B � sl� E � sf � CpðtÞ� � ½CaðtÞ þ c� � ½sðtÞ� ð36Þ

where the first term in brackets is the fare that the leader charges
for that flight (marginal willingness to pay minus passengers’ gen-
eralized cost), the second bracketed term is the airline’s cost from
operating that flight, and the last term is the dynamic atomistic toll
in Eq. (33). The negative component of the profit that depends on
the time of arrival, that will determine the best response in timing,
is the generalized cost per flight minus the time dependent part of
the toll:
½s � CpðtÞ þ CaðtÞ� �
�b � ðt� � tÞ if t < t�

�c � ðt � t�Þ if t P t�

(
ð37Þ

For any number of flights by the leader, the timing decisions
must minimize the sum of the costs in Eq. (37) for all flights, and
the unique way to do so is to schedule them such that the depar-
ture rate does not exceed the capacity of the bottleneck. This is be-
cause it minimizes the generalized cost per flight (first term in Eq.
(37)), that will consist of only schedule delay costs and, as a conse-
quence, the time varying component of the profit will be zero (the
schedule delay costs cancel out with the time-varying part of the
toll). This is also compatible with the competitive fringe’s reaction,
as fringe carriers facing the dynamic atomistic toll never schedule
flights to exceed capacity. As the best response in timing makes the
profit per flight constant (s � CpðtÞ þ CaðtÞ þ sðtÞ ¼ �dðf � þ l�Þ=K), the
leader’s total profit can be written as the number of flights l times
the profit per flight:

P ¼ l � s½A� B � sl� E � sf � � c �
�dðf � þ l�Þ

K

� �
ð38Þ

The first-order condition gives the full price set by the leader:

@P
@l
¼ 0) s½A� B � sl� E � sf �

¼ c þ
�dðf � þ l�Þ

K
þ Bþ E � @f

@l

� �
� s2l ð39Þ

This shows that the dynamic atomistic toll charged to the leader
solves the externality inefficiency and only the market power exer-
tion needs to be corrected with the same subsidy as in Eq. (35):
(B + E � @f/@l) � s2l⁄.

This result shows again that the congestion part of the first-best
toll is not related with the degree of internalization in the untolled
equilibrium. In this case, the dynamic atomistic toll for all carriers
(leader and fringe) solves the externality inefficiency. This result
also has an important implication for the financial situation of
the airport. As Arnott et al. (1993) demonstrate, the self-financing
results of Mohring and Harwitz (1962) for capacity investments
hold for the bottleneck model with elastic demand. As we have
shown, the results of our analysis parallel results for the road case
regarding the toll; therefore, the self-financing result also holds
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when the toll in Eq. (33) is charged to both groups of airlines. If
there are constant returns to scale in capacity provision, the reve-
nues from the first-best toll then exactly cover the costs of provid-
ing the optimal capacity.24 This differs from earlier results because
first-best tolls are now not discounted by the fraction of congestion
that is internalized by carriers; therefore, the self-financing result is
not overturned by the internalization of congestion. However, the
market-power subsidy does upset exact self-financing under neutral
scale economies. This is because under marginal cost pricing and
constant returns to scale, the surplus will be zero. When part of
the revenues is used to subsidize the firm with market power, there
will be insufficient revenue to cover capacity costs. The shortfall in
self-financing equals the aggregate airlines’ profit under constant re-
turns to scale. With this time-varying pricing scheme, the leader
makes a lower profit compared to the time-invariant case (this time
only from the ability to exert market power), and revenues are
equally higher. In fact, this is the pricing scheme that yields the high-
est revenue for the regulator.

� Alternative schemes.

In addition to the two different ways to deal with the conges-
tion inefficiency of the leader described above, namely a flat toll
equal to the delays imposed on all the fringe’s flights or the dy-
namic atomistic toll, there are other pricing schemes that can in-
duce the first-best outcome. Although the market power
distortion has to be corrected in any case with the subsidy in Eq.
(35), B + E � @f/@l) � s2l⁄, the regulator can induce the leader to set
the full price of its flights equal to the marginal social cost with
regimes that correct the congestion effect differently.

First, note that if the leader is forced to give up a time-window
[t1, t2] around t⁄, of duration f⁄/K, and with t1 and t2 satisfying the
condition of equal schedule delay costs ð�b � ðt� � t1Þ ¼ �c � ðt2 � t�ÞÞ,
the first-best can again be attained (given that the market power
distortion is being corrected). In this case the fringe will operate
around t⁄, between [t1, t2], paying the dynamic atomistic toll,
ensuring that full price equals marginal social cost. The general-
ized cost per flight at t1 and t2 equals �df �=K. The leader’s best
response is to schedule its flights with a departure rate equal to
capacity outside the ‘‘forbidden period’’ [t1, t2], and such that
the first and last flight experience the same generalized cost. As
a result, it schedules l⁄ flights from ts to t1 and from t2 to te,
without queuing, earning the saved queuing costs as profit. The
leader’s first and last flight incur a generalized cost (per flight)
of �dðf � þ l�Þ=K , hence satisfying the first-best condition in Eq.
(32).25 The leader has no incentives to schedule more (nor less)
flights, because the marginal revenue of the first and last flight is
exactly equal to the marginal cost (s � q(ts) � Ca(ts) � c = s � q(te) -
q(ts) � Ca(ts) � c = s � q(te) � Ca(te) � c = 0 in Fig. 3).

The toll regime that induces this outcome is the dynamic atom-
istic toll in Eq. (33) for the fringe, and for the leader the per-flight
market power subsidy to correct dead-weight losses, and a toll
arbitrarily higher than �dðf � þ l�Þ=K only during the period [t1, t2].
The latter works as a barrier for the leader to operate in the peak
center, as it makes him better off operating outside it, not paying
the toll. In fact, this is equivalent to restrict the interval of time
where the leader can operate.

This configuration is similar to the previous time-invariant toll
setting in the sense that the full price does not change, because
the gain in costs by the fringe (resulting from operating closer
24 In general, ‘‘the ratio of the revenue collected from the optimal toll to the costs of
constructing optimal capacity equals the elasticity of construction cost with respect
to capacity’’ (Arnott et al., 1993).

25 This equilibrium is not shown graphically, but it is enough to see Fig. 3 and
change l⁄ for f⁄ (and vice versa). The duration of the center is t2 � t1 = f⁄/K.
to t⁄) is offset by higher tolls, and the cost increase of the leader
is offset by the absence of congestion tolls. This makes this
setting identical to the time-invariant case analyzed above in
social welfare, consumer surplus, profit per firm (hence total
profit) and total revenue. The difference, besides the times of
operation for each firm, is that the tax revenues are not the same
for each individual firm, but total tax revenues remain
unchanged. In fact, there is a continuum of configurations, where
the leader faces a time restriction (or barrier-toll) and a flat toll,
that follow these properties. These configurations are defined by
more elaborate patterns of temporal separation of leader and
fringe operations, and the congestion tolls become a more
complicated matter.

Furthermore, there is also a continuum of alternative schemes
that deal with the leader’s congestion inefficiency with different
time-varying tolls. This is due to the fact that the leader, knowing
that the fringe faces the dynamic atomistic toll, will never schedule
its flights in a way that causes the aggregate departure rate to ex-
ceed capacity. When the atomistic toll is charged to the leader, the
schedule delay cost cancels out with the time-varying part of the
toll at any time (see Eq. (37)). Thus, the marginal cost (to the firm)
of a flight is only the fixed part of the toll, that is set equal to the
marginal social cost by the regulator. If the regulator charges to
the leader a toll with a time-varying component that is lower than
the experienced schedule delay cost (i.e. less steep than the atom-
istic toll), they will no longer cancel out; as a result, the marginal
cost will be the fixed part of the toll plus the time-varying cost.
As the latter is now above zero, the former has to be reduced (with
respect to the atomistic toll) in order to make the sum equal to
marginal social cost. These toll schedules would produce toll reve-
nues that are in between those from the flat toll, and those from
the time varying atomistic toll.

3.3. Manipulable tolls

We assume in the analysis above that an airline, that is large
enough to exert market power and to recognize the impact of
its decisions on overall congestion (and followers), does not take
into account the impact of its actions on the tolls. We are aware
that this is a strong assumption, but it is common to most previ-
ous works. Brueckner and Verhoef (2010) propose a manipulable
toll rule, designed to induce the social optimum when carriers
predict the impact of their decisions on tolls, that can also be ap-
plied to our problem. They propose an adjustment such that the
carriers’ profit plus the (manipulable) toll liability varies per-
fectly in parallel with social surplus. In our problem, the welfare
maximizing tolls can be straightforwardly adjusted with their
methodology. For example, consider the toll regime where the
leader pays the time-invariant toll in Eq. (35); the adjusted
first-best time-invariant toll rule, designed to be ‘‘manipulated’’
by the leader, is given by:

TðlÞ ¼
�df 2

2 � K �
1

@f=@l
� Bþ E � @f

@l

� �
� s

2 � l2

2
þ Tc ð40Þ

where Tc is a constant and @f/@l is independent of l, and it is ob-
tained in a way analogous to the one in Appendix B for the untolled
setting. By charging this toll rule, a leader that anticipates the effect
of his decisions on a parametric toll (as in Eq. (35)) will have a pric-
ing strategy that will lead to a social welfare maximizing number of
flights and fares. This is because the marginal change in profit, from
an increase in the number of flights, that is due to the toll rule
(@T(l)/@l) is exactly the parametric toll in Eq. (35) when evaluated
at the social optimum.

The adjustment for the time-variant tolling regime follows the
same logic: the market power subsidy has to be the same as above
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(second term on the right-hand side of Eq. (40)); the time-invariant
component of the congestion toll rule has to be adjusted in a sim-
ilar way as above (in this case including a term involving the own
number of flights); and the time-variant component of the conges-
tion toll rule needs to have the same slope as before, i.e. to vary
over time perfectly in line with schedule delay costs.
4. Conclusion

This paper studies airlines’ interactions and scheduling behav-
ior, together with airport efficient pricing, using a deterministic
bottleneck model of congestion. We confirm that an airline acting
as a Stackelberg leader, facing a competitive group of fringe carri-
ers, partially internalizes self-imposed congestion in the sense that,
without facing tolls, it schedules fewer flights than perfectly com-
petitive carriers would, achieving lower social congestion costs.
Consistent with findings in the earlier literature using static mod-
els of congestion (e.g., Brueckner and Van Dender, 2008), the de-
gree of internalization of self-imposed congestion depends
critically on the assumed demand substitution pattern. Neverthe-
less, and what is new, our results suggests that social welfare max-
imizing congestion tolls do not depend crucially on the degree of
internalization, and that the time-variant tolls derived for perfectly
competitive carriers apply also to a monopoly airline and to a set-
ting where a Stackelberg leader interacts with a group of compet-
itive carriers as followers.

Our analysis suggests that optimal congestion pricing may have
a more significant role than what has been suggested in the earlier
literature based on static models. Moreover, the efficient fully
time-variant congestion toll regime results in a revenue for the air-
port that restores the well known self-financing result for con-
gested facilities Mohring and Harwitz (1962). Still, if the market
power distortion is corrected with a subsidy drawn from the air-
port’s budget, the self-financing result is upset. Our results also
suggest that the political feasibility of congestion pricing would
be enhanced compared to earlier studies, as efficient congestion
charges do not vary with market shares, and therefore are less
likely to be perceived as inequitable.

We also find agreement with Daniel (1995), Daniel (2009) and
Daniel and Harback (2008) in that dynamic atomistic tolls are effi-
cient in markets well represented by an interaction between a lea-
der and a competitive fringe as the follower, but we show that this
is not the only efficient solution. The non-uniqueness of social wel-
fare maximizing congestion tolls in this setting allows for other
pricing schemes that also achieve the social optimum.

Incorporating heterogeneity and studying step-tolling are natu-
ral extensions of the present analysis, to complement Daniel’s
(2009) work. Our model allows for the inclusion of heterogeneity
in values of time and preferences for both airlines and passengers.
Certainly, the equilibrium and optimal toll will depend on the type
of heterogeneity considered. Step-tolling, a relevant alternative in
practice, may bring important benefits compared with the social
optimum; as the number of steps is increased, it approaches the
dynamic atomistic congestion toll, and, consequently, also its effi-
ciency and consumer surplus increases, approaching the optimal
values (see van den Berg, 2012). Finally, the analysis of simulta-
neous competition between airlines with market power is also a
natural extension of this analysis.
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Appendix A. Derivation of the equilibrium in the perfect
competitive case

A.1. Equilibrium in scheduling

This Section determines the unique equilibrium values for the
beginning (ts) and the end (te) of the peak period, as well as the
departure rate function r(t) that defines the equilibrium (aggre-
gate) queuing pattern. The travel delay, T(t), and queue length,
Q(t), of a flight that departs at t are given by:

TðtÞ ¼ QðtÞ
K
^ QðtÞ ¼

Z t

t̂
ðrðuÞ � KÞdu ðA:1Þ

where t̂ is the most recent time at which there was no queue. Let ~t
be the departure time for an on-time arrival ð~t þ Tð~tÞ ¼ t�Þ, and con-
sider a flight that departs at t and arrives early ðt < ~tÞ. The general-
ized cost of that flight is:

s � CpðtÞ þ CaðtÞ ¼ �a � TðtÞ þ �b � ðt� � t � TðtÞÞ ðA:2Þ

The equilibrium condition states that the generalized cost per
flight has to be constant over time. By equating the time-derivative
of Eq. (A.2) to zero, we obtain the equilibrium departure rate for
early arrivals:

d½s � CpðtÞ þ CaðtÞ�
dt

¼ �a � rðtÞ
K
� 1

� �
� �b � 1þ �a � rðtÞ

K
� 1

� �� �
¼ 0 ðA:3Þ

) rðtÞ ¼ K � �a
�a� �b

8 t 2 ½ts;~tÞ ðA:4Þ

Analogous calculations give the following equilibrium depar-
ture rate for late arrivals:

rðtÞ ¼ K � �a
�aþ �c

8 t 2 ½~t; te� ðA:5Þ

The rates in Eqs. (A.4) and (A.5) show that the queue builds up
linearly from ts to ~t, and then dissipates linearly until it disappears
at te.

Using that the first and last flight must experience the same
generalized cost in equilibrium, and that the peak duration is f/K,
the start and end of the peak period can be derived, together with
the equilibrium generalized cost per flight:

�b � ðt� � tsÞ ¼ �c � ðte � t�Þ ^ ts � te ¼ f=K ðA:6Þ

) ts ¼ t� �
�c

�bþ �c
� f
K
^ te ¼ t� þ

�b
�bþ �c

� f
K

^ s � CpðtÞ þ CaðtÞ ¼
�b � �c
�bþ �c

� f
K
8 t 2 ½ts; te� ðA:7Þ

Finally, straightforward calculations yield the departure time
for an on-time arrival:

~t ¼ t� �
�b
�a
�

�c
�bþ �c

� f
K

ðA:8Þ

As it can be seen above, the conditions that we need to impose
are �a > �b > 0 and �c > 0, so that the variables have the correct sign.
As the empirical literature suggests (Morrison and Winston, 1989;
Lijesen, 2006), the values of time for passengers satisfy these con-
ditions (ap > bp > 0 and cp > 0), and, as a consequence, the results
hold also when airlines’ do not incur schedule delay costs (ba = 0
and ca = 0).
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A.2. Equilibrium fare variation over time

With the equilibrium rates described, we can study how the
fare q(t) changes over time by using Eqs. (2), (10), and taking the
derivative with respect to t:
@qðtÞ
@t
¼ � @CpðtÞ

@t
¼ �ap

@TðtÞ
@t
�

bp
@ðt��tÞ
@t

cp
@ðt�t�Þ
@t

(
¼

� ap �
�b
�a� bp

h i
¼ bp 1� ap=bp

�a=�b

h i
if t < t�

ap � �c
�a� cp

h i
¼ cp

ap=cp
�a=�c � 1

h i
if t P t�

8><
>:

ðA:9Þ

where we use that, in equilibrium, queuing delays, T(t), have a
slope of �b=�a for early arrivals and ��c=�a for late arrivals. This
reveals that only when the ratios ap/bp and ap/cp equal �a=�b and
�a=�c respectively, the fare (and the passenger generalized cost) is
constant over time. This can only occur when the passengers’
willingness to accept schedule delays in order to reduce travel
times, as represented by the ratios ap/bp and ap/cp, equal the
airlines’ willingness to accept schedule delays in order to reduce
travel times (aa/ba and aa/ca). On the other hand, when the
passengers’ ratios ap/bp and ap/cp are lower (higher) than the
airlines’ ratios, the fare will be higher (lower) for passengers
traveling closer to t⁄.

Appendix B. Fringe’s response and leader’s first-order
conditions

From Eq. (28), we can solve for f and take the derivative with re-
spect to lc and ls in order to obtain the fringe’s reaction to changes
in number of flights by the leader. Solving for f, we obtain:

f ¼ s½A� E � sðlc þ lsÞ� � c � �d � lc=K

Bs2 þ �d=K
ðB:1Þ

Taking the derivative of Eq. (B.1) with respect to lc, we find the
response of the fringe to a change in the number of flights that the
leader schedules in the peak center:

@f
@lc
¼ � Es2

Bs2 þ �d=K
�

�d=K

Bs2 þ �d=K
¼ � Es2 þ �d=K

Bs2 þ �d=K
� / ðB:2Þ

Since E < B, it follows that �1 < / < 0. That is, a frequency
change by the leader in the peak center, yields an opposite change
in number of flights by the fringe, but that is not equal in magni-
tude because of the assumed substitution pattern in demand. In
the case where outputs are perfect substitutes (E = B), / = �1,
which means that any frequency reduction by the leader in the
congested period is fully offset by an increase in number of flights
by the competitive fringe. When outputs are independent (E = 0),
the response of the follower still partially offsets a leader’s fre-
quency change.

Differentiating Eq. (B.1) with respect to ls gives the response of
the fringe to a change in the number of flights scheduled in the
peak shoulders:

@f
@ls
¼ � Es2

Bs2 þ �d=K
� k > / ðB:3Þ

When 0 6 E < B, the response of the fringe, to an increase of the lea-
der number of flights scheduled in the peak shoulders, satisfies
�1 < k 6 0. Note that k > / means that the response / is stronger
than the response k, because both are negative.

With these expressions, we can derive the first-order conditions
for profit maximization. Taking the derivatives of the profit in Eq.
(30), we get the following:
@P
@lc
¼ 0 ¼ s½A� B � sðlc þ lsÞ � E � sf � � c �

�dðf þ lcÞ
K

� ½ðBþ /EÞ � s2ðlc þ lsÞ� �
�dðlc þ lsÞ

K
ð1þ /Þ

� �
ðB:4Þ

@P
@ls
¼ 0 ¼ s½A� B � sðlc þ lsÞ � E � sf � � c �

�dðf þ lc þ lsÞ
K

� ½ðBþ kEÞ � s2ðlc þ lsÞ� �
�dðlc þ lsÞ

K
� k

� �
ðB:5Þ

In both first-order conditions, the last two terms in square brack-
ets on the right-hand side show the market power markup and the
reduced incentives to internalize self-imposed congestion, respec-
tively. By subtracting Eqs. (B.4) and (B.5), we can explicitly write
the fraction of flights that the leader schedules in the shoulders:

@P
@lc
� @P
@ls
¼

�dls

K
� ½/E � s2ðlc þ lsÞ� þ ½kE � s2ðlc þ lsÞ�

�
�dðlc þ lsÞ

K
ð1þ /� kÞ ¼ 0

) ls

ls þ lc
¼ E � s2ð/� kÞ þ �d=Kð1þ ð/� kÞÞ

�d=K
¼ 1� Es2 þ �d=K

Bs2 þ �d=K
ðB:6Þ
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